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SUMMARY
An experimental study was conducted o f the discharge o f  granular solid-liquid mixtures from a 
holding vessel comprising a conical hopper and stand-pipe sections. In a series o f batch 
discharge experiments, measurements were made o f i) mixture discharge rate and the liquid 
fraction in the discharge, ii) dynamic interstitial pressure profiles along the walls o f the hopper 
and the stand-pipe. Furthermore, a specially constructed y-ray tomographic scanner rig was 
used to produce consecutive tomograms o f  the horizontal planes at different heights o f the 
mixture beds in both the conical hopper and the stand-pipe sections.
Experiments were repeated with three food analogues and one model food; uncooked soaked 
peas. The food analogues chosen were extruded plastic particles representing a range o f  
particle properties such as size, sphericity, modulus o f  elasticity and surface roughness.
A t low mixture discharge rates corresponding to low shear strain rates (< 2 s'1), the discharged 
mixtures were found to be “solids-rich”. With increasing mixture discharge rate, transitions 
were observed from “solids-rich” to “liquid-rich” discharge as a function o f the different solid 
particles used. Using the plane mean values o f  the flowing voidage measured at different 
heights, corresponding mean values o f  the slip velocity were calculated identifying regions o f  
packed-bed, and settling suspension transitions within the flow  field. Fluidisation behaviour o f  
the solid materials were also characterised independently by determining their terminal velocity, 
minimum fluidisation voidage and velocity and the Richardson and Zaki index.
Interstitial pressure profiles measured during discharge were found in good agreement with 
tomographic flowing voidage measurements. Experimental pressure profiles were compared 
with predictions based on the use o f the Ergun equation modified for radial. Interstitial pore 
pressure gradients measured along the stand-pipe section were compared with predictions 
based on the immersed weight o f the solid particles in a settling suspension.
A mean-field model was proposed using W allis’ Drift Flux Model which was based on the 
mean values o f the liquid and solid phase velocities and the slip velocity between them to 
describe the effects o f particle properties on the packed-bed and settling suspension transitions 
observed within the bulk flow fields. The model was for the co-current downward flow o f  
solids and liquid which show the exact mathematical nature o f  the relationship between the 
solid terminal velocity, mixture discharge rate and the corresponding liquid fraction in the 
discharge with interstitial flowing voidage. This relationship can be used to predict for a 
specified value o f liquid volume fraction in discharge the corresponding flow regime transitions 
and the accompanying voidage changes within the hopper and stand-pipe system.
© S D V Faderani 1996
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CHAPTER 1
INTRODUCTION
1.1 INTRODUCTION
“Consistency and quality are o f  paramount importance in fo o d  processing .” FOo d
ENGINEERING BROCHURE, SILSO E RESEARCH INSTITUTE.
A knowledge o f the basic physical and chemical properties of the process materials, 
together with an understanding of how materials interact and respond to operations 
such as mixing and storing are essential steps towards achieving these targets. The 
information can then be applied to process plant automation, with on-line sensing 
systems to monitor continuous processes.
The trend towards the continuous processing o f solid-liquid foods, such as stews and 
ready prepared meals, has underlined the need for a better understanding of their flow 
behaviour. This is particularly important nowadays when the consumer expects 
mixtures to have consistent solid-liquid ratios. This requires a greater understanding of 
both the liquid characteristics and the interactions between particles.
In continuous processing of particulate foods, a key factor affecting the quality of the 
products is the preservation during handling of i) the homogeneity of the bulk 
structure, and ii) the desired physical properties o f the particles.
Presently, significant losses can occur in industrial food processing operations due to i) 
irreversible degradation of solid particles and ii) irreproducible solid-liquid volume
l
ratio o f products in process vessels. Consequently, the quality control over the 
required product specification will be adversely affected due to the unforeseen batch to 
batch variability in product composition, texture and consistency, colour and taste, 
etc...
Convenience foods form one of the largest growth sectors in the food industry. Many 
consist of a high concentration of solids in a liquid. There can be major problems in 
estimating pressure losses and discharge rates in order to achieve satisfactory transport 
without the components separating, while maintaining a sufficiently low shear rate to 
restrict the break up of the delicate solids.
A number of commercial food processes involve the flow of a solid-liquid mixture into, 
and discharge from, tanks and hoppers. For example, aseptic sterilisation processes 
generally incorporate a “aseptic holding or a buffer tank” into which product is placed 
prior to the filling stage. It is vital that the homogeneity of the bulk structure is retained 
during flow; i.e. that the composition of all filled product containers are similar. 
Equally, product damage should not result from flow. The ability to predict the flow 
behaviour of solid-liquid food mixtures would thus enable more efficient operation of 
such processes.
The flow of dry granular materials from bins and hoppers have been studied 
extensively by various workers. Key relevant aspects of the current literature are 
assessed in the survey presented in chapter 2. However, by comparison little work has 
been reported in literature on the flow behaviour o f solid-liquid mixtures.
During bulk mechanical handling, the structure of the particulate assembly will respond 
to changes in the levels of solid stresses as well as those due to the interactions with 
the carrier fluid; manifesting itself in spatial and time variations of the interstitial void 
distribution. At the single particle level; physical properties including particle size, 
shape, density, elastic modulus and surface roughness determine the nature and the 
extent o f the bulk structural changes that accompany the macroscopic processes of 
compaction and flow. Consequently, as demonstrated with dry granular systems, the
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bulk stress and flow fields generated in process vessels will depend on the single 
particle properties of the particulate assembly. Therefore in this study, great care was 
taken to match the combinations of food analogues with model foods as a function of 
the specified single particle properties. The particle size, shape and surface 
characterisation of the analogues and of the model foods were carried out using the 
Scanning Electron Microscopy and the Quantimet, Allen [1981]. The single particle 
mechanical and frictional properties of the food analogues were quantified using the 
single particle friction cell and the Instron compression tester. To complement the tests 
on single particle properties a number of bulk shear and compressibility experiments 
were also carried out using a Jenike Shear Cell and a uni-axial Oedometer. A 
comparison of single particle and dry bulk properties of the experimental materials are 
presented in chapter 3.
The investigations described here are the result o f a growing industrial interest in the 
potential of continuous metering of solid-liquid mixtures into and out of sterilised 
process vessels and aseptic packaging units to replace the traditional batch operation 
comprising of separate feeding and mixing of the mixture components. The 
increasingly stringent hygiene and environmental regulations affecting the foodstuffs, 
pharmaceuticals, and chemicals industries have made it necessary to eliminate as much 
as possible the direct operator involvement in the production lines. The canned-food 
operations considered here involve the continuous feeding of coarse granular foods 
such as peas, beans, diced fruits, and vegetables, which are usually of density 
marginally higher than that of the preserving aqueous solution. This marginal density 
difference between the granular solids and the carrier liquid helps to magnify the 
interstitial fluid drag effects in comparison with the net weight thereby causing 
transitional flow regimes during hopper discharge and stand-pipe transport even for 
particles as large as 3 mm. This is a significant contrast to the non-settling suspension 
or paste flow of fine solid particles in the micron size range. The fine particles in paste 
flows are known to follow the liquid streamlines with little apparent slip and the 
rheology of the fluid is modified directly by the existence of fine solids resulting in the 
much studied non-Newtonian behaviour which is beyond the scope of the current 
study.
3
The flow characteristics of nearly buoyant coarse granular solid and liquid mixtures 
are, however, very similar to those observed with fine particle beds (i.e. dp < 500 pm) 
in pneumatic discharge and transport where the interstitial fluid pressure effects are 
also found to dominate; see for example Chen, et al. [1984] and Triantafillos, et al. 
[1991]; their work is discussed in detail in chapter 2.
Mills Lamptey, and Thorpe [1991] have more recently adopted the assumption of a 
packed-bed of constant and uniform voidage extending to the hopper orifice in 
calculating the discharge rates of coarse granular solid-liquid mixtures from conical 
hoppers. The values of the packed-bed voidage considered were, in general, smaller 
than the incipient fluidisation voidage of the solids. Furthermore, in their theoretical 
analysis, Mills Lamptey et al. [1991 and 1992] made no allowance for the possible 
variation of packed-bed voidage at the hopper orifice as a function of the mixture 
discharge rate, which was subsequently observed to affect the solids fraction in the 
discharge in their experiments with different particle to orifice diameter ratios.
The current study is aimed at providing the much needed dynamic voidage data in 
flows of solid-liquid mixtures without which it is impossible to advance the theoretical 
arguments to more realistic models which can incorporate the physical effects of 
particle properties as well as the geometry of the hopper and stand-pipe interface.
A model hopper flow rig was constructed which incorporates a holding vessel with a 
conical discharge section and a vertical stand-pipe. This is close to the typical of 
industrial equipment used in practice. Details of the experimental apparatus and its 
instrumentation are presented in chapter 4.
Measurements of interstitial voidage during flow have not met with much success in 
the past, this is largely due to the lack of technology which currently exists in remote 
imaging. The technique used here to measure the voidage of granular solid-liquid 
mixtures is known as y-ray scanning transmission tomography, based on the principle 
of transmitting low energy gamma-rays through the bed and recording the intensity of
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the attenuation incident beams with a photon detector, (Hosseini-Ashrafi M.E. and 
Tuziin U. [1993a]). Chapter 5 reviews the progress to date on tomographic imaging of 
granular flows in hoppers.
Tomographic measurements of the flowing voidage profiles within a conical hopper 
and vertical stand-pipe system have helped to identify the flow regime transitions 
between the packed-bed and the settling suspension states accompanying steady 
material discharge from the hopper. The experimental results are presented and 
discussed in chapter 5.
Using different food analogues and one model food, soaked peas, the variation of the 
liquid content of the discharge as a function o f the mixture discharge rate was 
investigated. The profiles of the interstitial pore pressure measured along the hopper 
and stand-pipe walls with different materials were used to verify independently the 
flowing voidage data generated by gamma-ray tomography. Furthermore, these results 
helped to provide the basis for comparison with the predictions based on the use o f the 
Ergun equation for packed-bed flow and the predictions based on the assumption o f an 
incipiently settling suspension as described in chapter 6.
A model is proposed in chapter 7 to describe the packed-bed to suspension transitions 
taking place within the mixture flow fields based on the concept of a drift flux between 
the liquid and solid phases first formulated by Wallis [1969]. The values of the 
normalised drift flux, (Jls / ut), versus voidage were calculated for different values of 
the normalised mixture velocity, (umix / ut). By the use of a graphical construction, the 
values of interstitial voidage corresponding to the on-set of fluidisation of the packed- 
bed in the hopper, (JLs > 0), the voidage values relating to the non-settling, (JLs = 0), 
and the settling suspension, (JLs < 0), conditions were determined as the granular solid- 
liquid mixtures flow through the orifice and down the stand-pipe. Also the well-known 
Richardson and Zaki [1954] correlation is used to describe the incipient fluidisation 
and terminal settling limits of the solid particles.
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The present study has concentrated on the fully developed flow fields within the 
hopper and stand-pipe sections which are reflected by the steady and constant values 
of the mixture discharge rates. The mixture discharge data obtained during the initial 
and final transient phases of the discharge of the batch of solids is not evaluated; hence 
as such any transient aspects of the flow fields are reserved for future studies. The 
effects of wall friction in evaluating the pressure losses and also in the calculation of 
the mean slip velocities at different heights within the flow rig has been ignored. The 
conical hopper and the vertical stand-pipe sections of the flow rig were both made of 
clear acrylic and the preliminary measurements o f the wall friction angles of dry 
granular materials have resulted in measurements o f the wall friction coefficients which 
were of the order of one third of the internal friction angles. Hence, the work 
presented here is believed to be applicable to flows with smooth walls. The effects of 
roughening the walls on the observed flow regime transitions and the mixture 
discharge rates should certainly be worthy of future study.
As mentioned above, the effects of single particle properties such as particle surface 
roughness and the single particle contact friction angles are believed to have an 
influence on the flow behaviour within the packed-bed regime where there exist 
enduring contacts between the particles through which significant solid stresses may be 
transmitted; (Triantafillos et al. [1991] and Nedderman [1992]). However, in the 
suspension flow regime, the solid stresses tend to zero as particle contacts are broken, 
hence the solid frictional properties of the materials are believed to play a much less 
significant role in the flow behaviour. In a large number of cases of the present flow 
studies reported in Faderani et al. [1996a and 1996b] and in here, the on-set of the 
packed-bed to settling suspension transition is observed above the plane of the hopper 
orifice. As a result, the discharge behaviour o f the mixtures is affected significantly 
only by those single particle properties which directly enter into the calculations of the 
fluid drag force. Hence, the particle size, shape and the relative solid density were 
found to be the most important properties o f the particles which affect the discharge 
rates and the variation of the liquid content o f the mixture discharge.
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1.2 PRINCIPAL OBJECTIVES OF RESEARCH PROJECT
The primary objective of this project is to establish reliable functional relationships to 
describe the effects of particulate and liquid properties on the bulk stress-voidage- 
strain rate fields observed in practice. This is believed to be made possible by relating 
the observed macroscopic flow behaviour during hopper discharge experiments 
reported in this dissertation to the individual solid and liquid properties determined in 
various test equipment. Conventionally, the shearing behaviour of granular materials 
with different compressive loads is tested in shear cell equipment; see for example 
Tiizun [1987] for a review of the shear cell equipment used currently in solid 
processing industries. It is the long term intention of this research programme to draw 
together the results of model hopper flow experiments and the material test results 
obtained with the Silsoe Annular Shear Cell in an attem pt to model voidage-stress and 
strain relationships in the coarse granular solid-liquid mixtures.
Conventional shear cells (such as the Jenike shear cell, see Carr et al. [1967]) used to 
measure the bulk mechanical failure properties of dry granular materials have a rather 
small (~ 6 mm) shear displacement range which are clearly not suitable for work with 
the coarse granules considered in this study. Bagster [1981] has undertaken tests using 
a much larger shear cell, having a diameter of approximately one meter, allowing flow 
properties of materials having particles of up to 50 mm to be investigated. The same 
approach is currently being used at the Silsoe Research Institute to measure the shear 
strain rate and shear and normal stresses of a number o f solid-liquid mixtures involving 
particles of size 5 - 1 0  mm. The Silsoe Annular Shear Cell has an outside diameter of
1.5 m and an inside diameter of 0.75 m; it is capable o f holding up to 120 litres of a 
mixture and can be used with particles up to 12 mm diameter. It measures shear and 
normal stresses up to 1 kPa and operates with shear strain rates up to 20 s '1.
Smith et al. [1996] recently reported observations during shear tests of the particles 
and the liquid through the windows around the Annular Shear Cell circumference. In 
some experiments (especially at low strain rates and in non-Newtonian liquids),
7
particles tended to bunch together, with pockets of liquid in the gaps. The average 
voidage in this case could represent a wide range of actual local voidages. The 
observation that agglomerates of particulates are formed would cause problems if wet 
particulate solids were to be discharged through orifices which would undoubtedly 
cause blockage in certain cases.
1.3 FU R T H E R  PLANNED C O LLA B O R A T IV E W O R K  UND ER TH E 
R E SE A R C H  LIN K  SCH EM E
Further work is planned using the gamma-ray densiometer currently installed at Silsoe 
which will enable more precise profiling o f voidage (or solids concentration) 
throughout the shear zone of the cell. It is expected that these measurements will be 
valuable in demonstrating to what extent the maldistribution of materials is due to a 
wall effect; (i.e. confined to a narrow boundary region).
A mobile single-beam photon absorptiometer has been designed and built in 
collaboration with Surrey University and is currently installed at Silsoe. Coupling of 
the voidage profiles measured during the annular shear cell tests with the measured 
relationships of normal stress, shear stress and shear strain rates should in time allow 
the development of constitutive relationships between voidage - stress and strain - 
rates. Such information could then be correlated readily with the experimental data 
presented here on the flowing bed voidage, liquid volume fraction in the discharge and 
the dynamic interstitial fluid pressure profiles. This should in turn advance the simple 
first order models describing the flow behaviour presented in this study to more precise 
analytical descriptions of the stress and velocity fields of the coarse granular solid - 
liquid mixtures.
CHAPTER 2
LITERATURE SURVEY
2.1 INTRODUCTION
The literature survey presented here covers the following topics: First, in section 2.2, 
the basic equations of incompressible fluid flow in pipes are reviewed, paying particular 
attention to aspects relevant to the present study such as the continuity and momentum 
equations and the Bernoulli equation. In section 2.3, the frictional losses during fluid 
flow through beds of solids is discussed, followed by the flow of fluid through packed 
and fluidised beds in section 2.4. Then the motion of a single particle through a fluid is 
considered followed by the flow of particle assemblies through fluids in sections 2.5. In 
section 2.6, the gravity flow of dry granular materials from hoppers and stand-pipes is 
reviewed based on the Beverloo [1961] correlation and its subsequent modifications 
through the early theoretical attempts at the predictions of mass flow rate. Then more 
recent theoretical approaches based on the so-called Hour Glass Theory (Davidson and 
Nedderman [1973]) is discussed. The effects of the interstitial pressure gradients on 
the hopper discharge rates are discussed in section 2.6.3. The topics on dry granular 
flow are reviewed here based on the understanding that the theories developed for dry 
granular discharge is at least qualitatively applicable to the analysis of the discharge of 
solid-liquid mixtures from storage vessels. This, then leads on to the discussion on the 
flow of coarse granular solid-liquid mixtures through orifices from hoppers in section 
2.7, and finally in section 2.8, the relevant aspects of the non-Newtonian fluid rheology 
are also discussed briefly.
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2.2 FLUID FLOW
2.2.1 CONTINUITY EQUATION FOR INCOM PRESSIBLE FLUID FLOW
U nder steady state conditions, the mass of fluid entering and leaving a vessel element 
per unit time is given by:
where Aj and A2 represent changes in the vessel cross-section, and m is the rate of 
mass flow. From this equation it follows that for a steady flow vessel:
Eqn. (2.2) is also known as the equation of continuity.
If the flow through the stream tube is not potential flow but lies within the boundary 
layer in which shear stresses exist, the velocity Ui will vary from point to point across 
the area Ai and u2 will vary from point to point across area A2. Then it is necessary to 
distinguish between the local and the average velocities.
The mass flow rate through a differential area in the cross section of a stream tube is 
d m = pudA  and the total mass flow rate through the entire cross-sectional area is:
m  =  P j U j A j  =  p  2 u  2 A  2 (2 .1)
m = p u A = constant (2.2)
(2.3)
The average velocity u of the entire stream flowing through cross-sectional area A is 
defined by:
u also equals the total volumetric flow rate of the fluid divided by the cross-sectional 
area of the vessel. Thus:
-  V (2.5)u = —
A
where V is the volumetric flow rate.
Comparison of eqns. (2.2) and (2.4) shows that u and u are equal only when the local 
velocity is the same at all points within the area A.
2.2.2 MOMENTUM EQUATION FOR INCOM PRESSIBLE FLUID FLOW
The momentum flow rate M of a fluid stream having a mass flow rate m and all
moving at a velocity u equals m u. For a differential cross-sectional area dA, then the 
momentum flux (the momentum carried by the moving fluid through a unit cross- 
sectional area of the flow channel in a unit time) is:
(2.6)
The momentum flux of the whole stream, for a constant-density fluid is:
M _  P J A u 2fl A (2.7)
A A
The sum of all forces HF acting on the fluid in the direction of the velocity component, 
equals the increase in the time rate of momentum of the flowing fluid, i.e. the 
difference between the momentum leaving with the fluid per unit time and that brought
Several such forces may appear: (i) pressure change in the direction of flow; (ii) shear 
stress at the boundary between the fluid stream and the vessel wall or external forces 
acting on the wall and (iii) gravity force. Assuming one-dimensional flow in the 
direction of the fluid velocity:
2.2.3 MOMENTUM BALANCE IN POTENTIAL FLOW: THE BERNOULLI 
EQUATION WITHOUT FRICTION
An important relation, called the Bernoulli equation for a frictionless fluid, can be 
derived by applying the momentum balance to the steady state flow of a fluid in 
potential flow. For flow in a vertical pipe, this results in:
Between two definite points in the pipe, 1 and 2, eqn. (2.9) can be integrated, since p 
is constant, to give:
£F  = piAj - P2A2 + Fw - Fg (2 .8)
where pi, p2 = inlet and outlet pressures, respectively 
Ai, A2 = inlet and outlet cross-sections, respectively 
Fw = net force of wall of channel on fluid 
Fg = gravitational force
p d L  dL dL
I dp dZ d ( u2 / 2 ) _ — + g  + —^   = 0 (2.9)
(2 . 10)
which can be written as:
The Bernoulli equation is a special form of a mechanical-energy balance, as shown by 
the fact that all the terms in eqn. (2.10) are scalar and have the dimensions of energy 
per unit mass. Each term represents a mechanical energy effect based on a unit mass of 
flowing fluid. Terms gZ and u / 2 are the mechanical potential and mechanical kinetic 
energy, respectively, of a unit mass of fluid, and P/p represents mechanical work done 
by forces, external to the stream, on the fluid in pushing it into the tube or the work 
recovered from the fluid leaving the tube. For these reasons eqn. (2.10) represents a 
special application of the principle of conservation of energy.
2.2.4 BERNOULLI EQUATION FOR FRICTIONAL FLUID FLOW
For incompressible fluids, the Bernoulli equation is corrected for frictional losses by 
adding a term to the right-hand side of eqn. (2.10), thus:
Pj.  + i i I + g Z l = £ ^ + ! l + g Z 2 + P f (2.12)
p 2 p 2
The term Pf represents all the friction generated per unit mass of fluid that occurs in the 
fluid between points 1 and 2. Conventionally, the frictional losses occur due to contact 
with vessel walls where the frictional head loss due to wall friction is calculated in 
terms o f a friction factor, fp:
fp = fn ( Re, e/d ) (2.13)
where Re is the Reynolds number and e/d is the wall surface roughness. Friction factor 
charts based on eqn. (2.12) are available in many standard text - books; e.g. Coulson 
and Richardson [1977] which show the transition between laminar and turbulent flow 
regimes.
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2.3 FRICTION IN FLOW THROUGH BEDS OF SOLIDS
The resistance to the flow of a fluid through the voids in a bed of solids is the resultant 
of the total drag of all the particles in the bed. Depending on the Reynolds number, 
dpU0p/|ii, laminar flow, turbulent flow, form drag, separation, and wake formation 
occur. As in the drag of a single solid particle, there is no sharp transition between 
laminar and turbulent flow like that occurring in flow through vessels of constant cross 
section described above.
The total drag per unit area of the channel walls within a particulate bed is the sum of 
two kinds of forces; (i) viscous drag forces and (ii) inertial forces. It is assumed that 
the particles are packed at random, with no preferred orientation of individual 
particles; that roughness effects are unimportant; that all particles are of the same size 
and shape; and that end and wall effects are negligible. This assumption is valid when 
the diameter and depth of the bed are large in comparison with the diameter of the 
individual particles.
The viscous shear force per unit area of the channel wall can be written in the form:
F v k , (2.14)
X W ~ A —
A  s r H
where ki = constant 
p. = viscosity 
u = velocity in channel 
As = area of channel boundaries
= total number of particles in bed, Np multiplied by area of one particle, ap 
= A0L( 1 - s)ap / vp, (vp is the volume of one particle) 
rn = hydraulic radius (the ratio of the cross section to the perimeter of the vessel)
= (AoLe / As) = evp / (1 - s)ap
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At high velocities, inertial forces become large, viscous forces become negligible, and 
viscosity is no longer a parameter. This is equivalent to a constant friction factor; 
hence the inertial force per unit area can be written in the form o f :
* w - p -  =  k  2 p u  2 A  c
(2.15)
where k2 is an empirical proportionality constant which absorbs the friction factor and 
the other constants.
The assumption of additivity of viscous and inertial forces gives FD, the total force 
exerted by the fluid on the bed of solids:
Manipulation of eqn. (2.16) is facilitated by the introduction of a parameter, denoted
(voids + solid) of the bed. Then the total volume o f the channels is the product o f 8 
and the total bed volume. The numerical value of 8 is quite sensitive to the method 
used in building the bed of particles. It is usually measured in situ after the bed has 
been formed, by filling the bed with water, draining, and comparing the volume of 
water to the total volume of the bed as calculated from its depth and cross section. The 
usual range of values for 8 is from 0.35 - 0.75. The quantity 8 is called porosity or 
voidage.
The velocity u in eqn. (2.16) is the average velocity through the channels in the bed. It 
is more convenient to use u0, the velocity of the stream just before it encounters the 
first layer of solids. The velocity u0, is often called superficial velocity. Since the 
average free cross section of all the channels has the same ratio to the total cross 
section of the empty vessel above the bed as the volume of the channels has to the total 
volume of the bed of solids, u0 and u are related by the equation:
(2 .1 6 )
by 8 and defined as the ratio of the volumes o f voids in the bed to the total volume
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The pressure drop over the bed -AP may be used in place of the total force FD by 
noting that this force must equal the product o f the pressure drop and the cross- 
sectional area of the channels As.
Therefore: -APsA = F d.
Now u from eqn. (2.17), A s, rH and FD from above can be substituted into eqn. (2.16), 
to give:
AP
p L
1 -  8 a k l P u o (1 ~ e >  P 
P V D
2
2 u  o
(2.18)
The equivalent diameter of a non-spherical particle is defined as the diameter o f a 
sphere having the same volume as the particle. The sphericity O s is the ratio of the 
surface area of this sphere to the actual surface area o f the particle. Since for a sphere 
ap = Ttdp2 and vp = 7tdp3 / 6, it follows that for a particle of any shape:
aP _  6 
v p < M P
(2.19)
The well known correlation by Ergun [1952], is based on number of experiments on 
sand and coke particles of different diameters. Substituting eqn. (2.19) into eqn. (2.18)
where AP/L is the pressure gradient in the direction o f flow, e the bed voidage, dp the 
particle diameter, u0 the superficial velocity, pL the density, and p, dynamic viscosity of 
the fluid.
Ergun [1952] has correlated experimental data to show that, in eqn. (2.20), 
satisfactory values of ki and k2 are 150 and 1.75 respectively for spherical particles.
For the complete range of Reynolds numbers, the relationship between the pressure 
drop and the fluid velocity found in many literature (for example Kay and Nedderman 
[1985]) is quite similar. In the range 0.4 < Re < 1000, the semi-empirical equation 
proposed by Ergun [1952] eqn. (2.20) is used. The Reynolds number based on the 
particle diameter is defined as:
R[ - . d pP , (u -  u s >pP , £ (2.21)
n O - O  n O - O
where (ul - us) is the relative or “slip” velocity between the fluid and the particles.
When a fluid flows upwards through a particulate bed, the particles become fluidised 
when the pressure drop across the bed is sufficient to support the net weight per unit 
area of particles in a bed of height H:
AP = (ps - pL) (1 - £mf)gH (2.22)
where emf is the minimum fluidisation voidage. The minimum fluidisation velocity is the 
most important factor to be considered in the design of a fluidised bed. The above 
expression for AP is normally substituted into an expression relating the pressure drop 
to the flow rate in a fixed bed of voidage £mf, (e.g. eqn. 2.20) to result in an equation 
which can be used to calculate the minimum fluidising velocity, umf, see eqn. (A5) in 
Appendix A.
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2.4 MOTION OF A SINGLE PARTICLE THROUGH A FLUID
Many processing mechanical operations involve the movement of solid particles or 
liquid drops through a fluid. The fluid may be gas or liquid, and it may be flowing or at 
rest.
The movement of a particle through a fluid requires that a density difference exist 
between the particles and the fluid. Also, an external force is needed to impart motion 
to the particle relative to the fluid. The external force is usually gravity, but when 
gravity is not sufficiently strong, centrifugal force is used. If the densities of particle 
and fluid are equal, the buoyant force from the immersion of the particle in the fluid 
will counter-balance an external force, however large, and the particle will not move 
through the fluid. The greater the density difference, the more effective the process.
Three forces act on a particle moving through a fluid: (i) the external force, 
gravitational or centrifugal; (ii) the buoyant force, which acts parallel with the external 
force but in opposite direction; and (iii) the drag force, which appears whenever there 
is relative motion between the particle and the fluid. The drag force acts to oppose the 
motion and acts parallel with the direction of movement but in the opposite direction.
2.4.1 ONE-DIMENSIONAL GRAVITATIONAL MOTION OF A PARTICLE 
THROUGH A FLUID
Consider a particle of mass m moving through a fluid under the action of an external 
force Fe. Let the velocity of the particle relative to the fluid be u. Let the buoyant force 
on the particle be Fb, and let the drag be FD. Then the resultant force on the particle is 
Fe - Fb - Fd, the acceleration of the particle is du/dt, and from Newton’s first law:
The external force can be expressed as a product of the mass and the acceleration g 
due to gravity of the particle from this force, i.e. Fe = mg.
The buoyant force is, by Archimedes’ principle, the product of the mass of the fluid 
displaced by the particle and the acceleration from the external force. The volume of
this same volume of fluid. The mass of fluid displaced is (m/pp)pL, where pL is the 
density of the fluid. The buoyant force is, then: Fb = m pLg / pp.
The drag force is, FD = C du02P lA p / 2 
where CD = dimensionless drag coefficient
Ap = projected area of particle measured in the plane perpendicular to direction
2.4.2 TERMINAL VELOCITY
In gravitational settling, g is constant. Also, the drag always increases with velocity. 
Eqn. (2.24) shows that the acceleration decreases with time and approaches zero. The 
particle quickly reaches a constant velocity, which is the maximum attainable under the 
circumstances, and is called the terminal velocity. The equation for the terminal 
velocity ut is found, for gravitational settling, by taking du/dt = 0, refer to Appendix A. 
Then, from eqn. (2.24):
the particle is m/pp, where pp is the density of the particle, and the particle displaces
of motion of particle 
Substituting the forces from above into eqn. (2.23) gives:
d u _  P p ~  P l
d t  p p
C  D A  P P L u o 
m 2
(2.24)
2 g ( p P -  P l ) 11 
A  p P p C  d P l
(2.25)
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2.5 FLOWS OF PARTICLE ASSEMBLIES THROUGH FLUIDS
So far, the flow of fluids through a stationary bed of solid particles has been discussed. 
The other case, where a group of particles move through a fluid has also been 
investigated.
Richardson and Zaki [1954] worked on particle sedimentation and liquid-solid 
fluidisation. In the former, suspended solids were allowed to fall under the influence of 
gravity in a stationary fluid, while in the latter, the particles were kept in suspension by 
an upward flow of liquid. They examined experimentally the effect of concentration of 
suspended particles upon their rate of settlement, and found a satisfactory method of 
correlating the results. Their experimental work was confined to uniformly sized 
spherical particles, greater than 100 micron in diameter. They developed an expression 
for the rate of settling of suspensions. Their work is extended for liquid-solid fluidised 
systems. Richardson and Zaki [1954] assumed that the effective gravitational force 
acting on a single particle in a fluid is determined by the density of the fluid and that 
the drag on the particle is a function of the apparent viscosity. They have shown that 
this cannot be true for a suspension of particles. They have also shown that the falling 
velocity of a suspension relative to a fixed horizontal plane is equal to the upward 
velocity of liquid (based on the empty tube) required to maintain a suspension at the 
same concentration. That is when either viscous or inertia forces predominate, the ratio 
of the apparent rate of sedimentation, or the liquid velocity based on the empty tube, to 
the normalised settling velocity of a suspension, (uc / ut), is, in fluidisation, a function 
of the voidage, 8 and dp/D, where dp is the diameter of the particle and D is the 
diameter of the tube. On the other hand, when both viscous and inertial terms are 
significant, the ratio (uc / ut) is dependent, in addition, on Reynolds number, Re = 
(u tdppL /p.). The relations obtained permit the calculation of the settling velocity of any 
given suspension of uniformly dispersed spheres, and the liquid velocity required to 
produce a given expansion of a fluidised bed.
2 0
Kawase and Ulbrecht [1981] obtained an experimental solution for the motion of an 
assemblage of solid spheres moving through a power law fluid at low Reynolds number 
using the Happel’s free-surface cell model. They reported good agreement with 
available experimental data. The difficulty of modelling a multi-particle system, due to 
particle-particle interactions was overcome by replacing the model by a simple and 
conceptually more attractive one involving only one particle. The assembly of particles 
in the fluid was assumed to be uniform and each sphere is fixed in space with equal 
spacing separating them. The interaction of a particle with its neighbour was modelled 
by assuming each sphere to be surrounded by a hypothetical fluid sphere related to the 
actual voidage in the assembly. The adoption of the Happel free-surface cell model 
assumes the hypothetical surface to be frictionless, and that the rheological behaviour 
can be represented by a pow er law model. The analysis presented by Kawase and 
Ulbrecht was complicated, and as such no further examination was made. They 
however made the following conclusions regarding comparison o f their cell with the 
pressure drop calculation through a fixed bed.
Kawase and Ulbrecht theoretically derived a correction factor YD for non-Newtonian 
flow for pressure drop calculations through a fixed bed.
Yd = (ReCo/24) = f*(n, e) (2.26)
The characteristic dependence o f Yd on n changes with the value o f the voidage. For 
low voidage values, as the flow index n decreases, the coefficient Y D also decreases. 
The dependence becomes weaker for larger voidage values, and the drag coefficient 
eventually becomes independent o f the flow index at about e = 0.97. For higher values 
of 8, Yd increases with a decrease in n. For n = 1, that is the case for a Newtonian 
fluid, Yd = 1 since the drag coefficient CD for a single particle is 24/Re.
In order to test their cell model, they compared the predicted friction factors with 
those measured by Yu et al. [1968] in a fixed bed. Good agreement between the 
modified Carman-Kozeny equation (first term in eqn. (2.20)) and the cell model was 
achieved as long as e < 0.7. This finding was consistent with the fact that in the case of
21
Newtonian fluids, the cell model failed to predict hindered settling of dispersions in the 
dilute range.
Kawase and Ulbrecht’s concept o f modelling particle-particle interactions in a multi­
particle system is analogous to the Richardson and Zaki correlation [1954] in which an 
extension of the relationship for the terminal velocity of a single particle is utilised in 
predicting the minimum fluidising velocity for a group of particles in a fluidised bed.
2.6 GRAVITY FLOW OF DRY GRANULAR MATERIALS
The prediction of the rates of discharge of dry granular materials from storage bins and 
hoppers is of the primary importance in industrial processes which involve bulk solids 
handling and transportation.
2.6.1 EXPERIMENTAL STUDIES OF THE GRAVITY FLOW  OF DRY 
GRANULAR MATERIALS
The flow of granular materials has been studied extensively since World War II and the 
advances are believed to parallel the significant demand by the new industrial processes 
developed using granular solids. The most widely known correlation for predicting 
granular flow rate is that of Beverloo et al. [1961]. Ignoring the effect of the particle 
diameter, Beverloo et al. by dimensional analysis showed that:
W s =  c o n s t a n t  ( 2 . 2 7 )
P b g 1/2D 05/2
where Ws = solids flow rate
D0 = orifice diameter
pb = bulk density
g = acceleration due to gravity
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Clearly, the Beverloo correlation requires a density for dimensional consistency b u t  
there is dispute as to the appropriate value to use since the density within a hopper 
varies with respect to both time and position. Many authors are not at all clear in th e ir 
definition of density, but Beverloo’s original paper in 1961 specifies the use of the 
initial density pi resulting from the filling process. However, on initiation of flow the 
material dilates to some voidage characteristic of the flowing material. Hence for more 
compacted beds, there is a longer period between the initiation of flow and the time at 
which the top surface starts to descend. There is therefore a need to define a “flowing 
density”, pf, as the ratio of the mass flow rate to the volumetric flow rate calculated 
from the observed rate of descent of the top surface. The definition of pf is found to be 
substantially independent of the initial voidage or the mass flow rate; see Nedderman 
[1992].
After conducting experiments in flat bottom bins, Beverloo et al. [1961] plotted Ws275 
versus D0, and obtained a linear relationship. The intercept was found to be 
proportional to the particle diameter. Hence they successfully correlated their results in 
the form:
W s = C Pbg 1 / ! (D„ -  k d p )5' 2 (2.28a)
k was found to be a function of particle shape, being 1.5 for spherical particles, and 
slightly higher for angular particles. The term kdp has been interpreted by some 
workers as an empty annulus in which no particle centre can pass and is regarded as a 
purely geometric parameter. Others ascribe the term to the bulk density changes near 
the orifice. Alternatively, kdp is regarded as a displacement thickness of a boundary 
layer by analogy to fluid mechanics (Nedderman and Tiizun [1982]).
Harmen [1963] modified the Beverloo correlation by incorporating the Rose and 
Tanaka [1959] correction for mass flow in conical hoppers:
w s = C Pbg1/2(D0 - k d p)5/2F (ew ,x )  (2 -28b)
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where 0W = the angle between the hopper wall and the vertical, (hopper half-angle)
X = inclination of the stagnant zone to the horizontal
Rose and Tanaka [1959] found the effect of wall inclination, 0W, on the flow rate. For 
larger values of 0W, a stagnant zone will occur and it seems reasonable to assume that 
since the walls will be buried within this stagnant material, their inclination will have 
little effect. Following these ideas, Rose and Tanaka [1959] proposed the use of a 
multiplicative factor F( 0W, %) where:
for use in conical hoppers. It is noteworthy that the flow rate increases with decreasing 
0w  and more rapidly so as 0w approaches zero.
Huntington and Rooney [1971] found the value of C in eqn. (2.28a), to be in the 
range, of 0.575 < C < 0.595. Note that C is dimensionless and does not depend upon 
choice of units as long as they are consistent. The above values of C therefore differ 
from those given in the paper of Beverloo et al. [1961] which uses mixed units.
Researchers have reported reasonable agreement between their experimental 
observations, and have predicted values for discharge rates using Beverloo's 
observation, Nedderman, [1985]; Murphy, [1986]. Harmens [1963] and Memon and 
Foster [1985] pointed out that the choice of pf is questionable, particularly since 
discharge is practically independent of material head and that bulk density decreases 
appreciably as particles approach the aperture.
Both X-ray investigations (Bosley et al. [1969]; Bransby and Blair-Fish [1973]; and 
Lee et al. [1974]) and observations by transmitted light through narrow bins (Ttiztin 
[1979]) clearly show considerable changes in voidage both on initiation of flow and 
from point to point within the hopper. T iizun [1979] gives an initial voidage of 0.32
F (  e w> X) = (tan0w tanx)'035
p( ew>x)=i
0w < 90° - % 
0w > 90° - %
2 4
and flowing voidage of 0.37 for glass ballotini. Thus a potential error of up to 20% 
exists if the wrong density is used. Clearly, some density characteristic of the flowing 
material is more appropriate than the initial density. In more recent work by Hosseini- 
Ashrafi and Tuziin [1993], voidage profiles at the orifice were measured during 
discharge from conical hoppers using a y-ray tomographic scanner. They reported a 
10-20% reduction in flowing density in the vicinity of the orifice plane due to the 
dilation of the flowing material.
2.6.2 THEORIES FOR GRAVITY FLOW OF DRY GRANULAR MATERIALS
A rigorous analytical theory for flow of cohesionless granular material under gravity 
from a smooth walled hopper was presented by Davidson and Nedderman [1973] 
which is referred to as the Hour-glass Theory of hopper flow. They considered an 
incompressible cohesionless material of bulk density pb and angle of internal friction (j) 
discharging from a narrow-angled hopper of half-angle 0W. They used a set of spherical 
co-ordinates (r, 0, \};) with origin at the virtual apex of the hopper, see Fig. 2.1(a). 
Since the walls are assumed to be perfectly smooth, the wall shear stress will be zero.
Their theory led to simple formulae for the flow rate and the stress distribution, in 
terms of the dimensions of the hopper and the properties of the materials:
and <|> is the internal angle of friction. However, they reported that the predicted solids 
flow rate was about twice that observed.
A number of assumptions were made in deriving the discharge rate equation (eqn.
(2.29)), see Fig. 2.1(b).
i) The motion of the granular material is radial, that is, all particles move towards the
(2.29)
where, k _ l  + s in  <> ^ ratio of major and minor compressive stresses.
1 -  s in  (J)
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virtual apex.
ii) It was also assumed that the material flows with a constant bulk density.
iii) Wall friction is zero hence wall stresses are principle stresses.
It is seen that eqn. (2.29) predicts the observed trends, namely that the mass flow rate 
is proportional to the density, the square root of the gravitational acceleration and the 
orifice diameter to the power of 5/2. As with all continuum analyses, this theory can 
give no information about the effect of particle diameter but can always invoke the 
concept of the “empty annulus” (see Harmens [1963]) at the hopper orifice during 
discharge and replace D0 by (D0 - kdp). Also, being based on the assumption of 
constant density, this theory cannot provide information about the effect of density 
changes near the orifice. Furthermore, it must also be borne in mind that this analysis is 
only valid for small values of 0w, since it has been assumed that the material is 
subjected to a radial body force of pg.
Eqn. (2.29) predicts that the flow rate is independent of the height of granular material. 
The effect of angle of friction, via the term in K, is shown to be small, but this does not 
seem to have been tested experimentally in any satisfactory way. The analysis can give 
no information on the effect of particle size and the dependence on the hopper half­
angle is not in accord with experiment. In general this analysis over-predict the flow by 
a factor o f 1.5 - 2. This method cannot predict a velocity profile since it is necessary to 
assume that the velocities are independent of angular position.
2.6.3 THE EFFECT OF INTERSTITIAL PRESSURE GRADIENTS ON GRAVITY 
FLOW
The rate of discharge of coarse granules is also influenced by the shape of the particles; 
spherical particles discharge faster than angular (irregular) particles (Brown and 
Richards [1959]). Experimental evidence indicates that as the voidage increases 
towards the outlet, the interstitial fluid pressure decreases very sharply to a value 
below the ambient pressure immediately above the hopper outlet (Nedderman [1983]; 
Williams et al. [1983]). This negative pressure gradient in turn causes an upward flow
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of air which is thought to oppose the downward movement of solid particles. Although 
the effect of fluid drag on the motion of particles is small for coarse grains (dp > 500ji
predicted by most theoretical and empirical equations developed for coarse 
particles. Such observations indicate that the rate of discharge increases slowly with 
decrease in particle size up to a maximum value; further decrease in particle size results 
in a corresponding decrease in the rate of discharge (Spinks and Nedderman [1979]).
The internal stresses in a bunker containing a flowing material increases from zero on 
a surcharge-free top surface to some maximum value at greater depths and 
subsequently fall to zero again at the so-called “free-fall arch”. Since the material is 
believed to be shearing throughout, its bulk density will be free to follow the stresses 
and the interstitial voidage will pass through a minimum part way down the bunker. 
Thus near the top, the material is being compressed and air will be expelled whereas 
somewhat above the orifice, air will be drawn into the dilating material. The 
percolation of the air will give rise to interstitial pressure gradients and it can be seen 
from the above arguments that positive pressures will develop in the upper part of the 
hopper whereas the pressure in the interstitial fluid will be below atmospheric 
immediately above the orifice. Thus the material approaching the orifice will be 
subjected to an adverse pressure gradient.
The pressure gradient is related to the superficial relative velocity, u0, by Darcy’s law: 
g r a d  p = - k p u 0 (2.30a)
where kp is known as the permeability of the material bed. At low Reynolds numbers, 
the Carman-Kozeny equation holds and for spherical particles:
m), there is a marked decrease in the rate of fine solids discharge to well below values
k p
(2.30b)
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For higher Reynolds numbers the Ergun modification should be used. Alternatively the 
pressure gradient can be related to the relative velocity by means of a drag coefficient, 
CD, defined by:
2 F (2.30c)
^  p P b ^ o
where CD is obtained from a correlation of the form CD = f(Re). A force balance then 
gives:
The Carman-Kozeny equation indicates that: grad p is proportional to u0 /dp2 and the 
same result can be obtained from eqn. (2.30d) at low Reynolds numbers where CD is 
proportional to 1 / Re. Thus it is seen from above that interstitial pressure effects will 
be more significant with fine powders.
The adverse pressure gradients in the vicinity of the orifice are believed to have a direct 
effect on the discharge rate and are claimed by Crewdson et al. [1977] to be the cause 
of the well-known reduction of flow rate with decreasing particle size. By making 
assumptions about the voidage distribution within the material and by assuming that 
the Carman-Kozeny equation was applicable, Crewdson et al. [1977] were able to 
obtain analytical expressions for the interstitial pressure profile and the discharge rate 
from a conical hopper. Crewdson et al. [1977] simply postulated that there is an extra 
body force equal to the pressure gradient at the orifice and therefore modified the 
Beverloo correlation to form:
With fine powders discharging from a closed-up conical hopper, the reduction in mass 
discharge rate to air-drag resulting from the substitution of the Carman-Kozeny
,5 / 2 (2.30e)
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equation, (eqn. (2.30b)), into the equation of Crewdson et al. [1977], (eqn. 2.30e), 
results in:
(2.31a)
Pbgr0 J
where Ws = mass flow rate of solids,
W 0 = Cpb g 1/2(D0 - kdp)5/2, mass flow rate o f solids in the absence of air augmentation, 
pb = bulk density,
r0 = radial distance to the virtual apex from the orifice plane; see Fig. 2.1(b),
The correction factor, C ” is inversely proportional to the square of the particle size:
2 r c r 02 p s d p  ( l  -  c o s 0 w >  3
which for discharge in air results in significant reduction in discharge rate when the 
particle size is significantly smaller than 500 pm.
An alternative to pressurising the hopper contents by supplying air from the top is to 
inject air locally above the hopper outlet, see Fig. 2.1(c).
Besides the pressure gradients set up by the compressibility (i.e. large changes in 
voidage, £) of the granular material (such as fine powder flow) pressure gradients can 
be deliberately imposed by supplying air to the material within the hopper; in this case, 
the discharge is described as air-augmented. Nedderman et al. [1983] showed that if 
the relative velocity is large the inertial effects cannot be neglected and according to 
eqn. (2.30e), there is a linear relationship between W2 and AP in a conical hopper 
which allows for the air-augmented flow rate o f pow der from a pressurised vessel to 
be expressed in terms of a multiplicative factor:
c  "  =
1 8 0 n  ( 1 -  e  ) 2
where C ’ = (2k-3)/(2k-l), is called correction factor, k is the major to minor principal 
stress ratio within the material (see Hour-glass theory in section 2.6.2) where k 
typically has values in excess of 3. Therefore the correction factor C ’ is in the range of 
0.6 to 1.
When air is injected locally above the orifice, detailed experimental observations 
suggest that solids discharge rate does not increase monotonically with increasing air 
flow rate. At high air flow rates, there is a fall-off in solids discharge due to particle 
fluidisation (Yates [1983]). Moreover, as the air-flow rate increases, the issuing jet of 
solids becomes more and more unstable, a phenomenon that is poorly understood at 
the moment (Papazoglou and Pyle [1970] and Darton [1976]). W ork by Thorpe et al. 
[1984] has shown that the flow of the powders is much better controlled by air-assisted 
flow in pressurised containers. This method will however not work as effectively with 
cohesive solids which are prone to form agglomerates under high consolidating stress.
2.6.4 DRY GRANULAR FLOWS THROUGH STAND-PIPES
An elegant and yet very simple alternative solution to that problem of particle 
discharge is to modify the geometry of the vessel so that the partial vacuum occurs not 
above the outlet region, but below it. This is achieved by attaching a short piece of 
stand-pipe to the orifice. The flowing solid particles entrain the surrounding air with 
them as they travel down the stand-pipe causing a negative pressure gradient below the 
aperture. Yuasa and Kuno [1972] reported experimental flow rates through circular 
openings in flat-bottom bins with and without a stand-pipe. Their results indicate that 
the addition of the stand-pipe increases the discharge rate by as much as a factor of six. 
Similar results have been observed by other workers (De Jong and Hoelen [1975]; 
Brown and Richards [1970]). These experimental observations also reveal that the 
increase in the rate of discharge through the stand-pipe is most pronounced in the case 
of fine powders, i.e. (dp < 500pm).
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2.7 FLOW OF COARSE GRANULAR SOLID-FLUID MIXTURES FROM 
BINS
The flow of coarse granular solid and fluid mixtures from orifices was first studied by 
Gow [1983]. Gow used an open cylindrical bunker and conical hopper in his 
experiments, varying both the height of the glass ballotini in the vessel and the head of 
liquid above it. The theoretical approach adopted by Gow was essentially a 
modification o f the Beverloo correlation [1961]. He thus modified the driving force, 
that is by adding to the gravity term an additional, pressure term resulting from the 
percolation of the interstitial fluid. The form of the modification was originally due to 
Crewdson e ta l. [1977]. He thus obtained for the solids flow rate.
Ws = Cp g+
Pb
vi1/2
%  + % -p L (1- e )(uL^k } “ Pl§(1 ~ £)1 (D0 -kdp)5/2F(ew,x )
To ro t or j 0 j
where Gi and G 2 are constants.
Gow used his model to describe flow out of vertical bins, the horizontal discharge out 
of packed beds and from the side of fluidised beds. However for the latter two, he 
dropped the gravity term by putting g = 0 in his equation. Solving his complicated 
equation by computational methods, he managed to get reasonable predictions for the 
experimental discharge rates by employing the constant C and the flowing voidage e as 
correlating parameters. Gow's approach primarily considers the solid-liquid mixture to 
behave rather like a granular material in which inter-particle friction is dominant. He 
however tries to account for the effect on the solid particles as a result of acceleration 
of the liquid. Gow reports that his model could predict the solid and liquid flow rates 
to within ±10 %. Since his model could be used to predict results from the fluidised 
bed and bins, he subscribed to the suggestion made by Hennock et al. [1982] that there 
exists a region of a packed bed around the orifice.
31
The flow of fine ( < 500 pm) particulate with interstitial gas is known to give rise to  
packed-bed to settling suspension transitions, (Chen et al. [1984]). The flow regimes 
set up in hoppers and vertical conveying lines are affected significantly by the sudden 
changes observed locally in interstitial voidage which in turn result in significant pore 
pressure gradients affecting the flow. Similar phenomena are also observed in 
fluidisation of fine powders which often give rise to partial fluidisation at low gas 
Reynolds numbers and spouted beds at higher gas flows, (Davidson et al. [1971], 
Benbow and Bridgwater [1987a, 1987b and 1988 ]).
The physical cause of the above effects is believed to be the significant fluid drag 
forces set up during flow which increase inversely proportionally with the square o f the 
particle size, (Carman [1937]) becoming comparable with the particle weight in the 
micron size range.
Ginestra et al. [1980], Chen et al. [1984], and Triantafillos et al. [1991] in an 
experimental apparatus very similar to the one studied here, observed and reported a 
number of different flow regime transitions during pneumatic transport of fine sand 
corresponding to high and low solids discharge rates; see Fig. 2.2. They propose a 
discontinuity close to the plane of the hopper orifice across which the voidage is 
allowed to jump from the packed-bed to the suspension value as seen in the schematic 
in Fig. 2.3. Furthermore, the voidage within the packed-bed and suspension phases is 
assumed to be uniform, which allows for simple analytical solutions of the solids and 
gas momentum equations using appropriate values of constant voidage within the 
packed-bed and suspension flow regimes respectively. The magnitude of the voidage 
jump proposed by Chen et al. [1984] is a function of the hopper geometry only; refer 
to Fig. 2.3:
(1 - ec) uc Ac = (1 - £p) Up Ap (2.33a)
which for a settling suspension prevailing below the hemispherical discontinuity (i.e. 
up = uc ) reduces to:
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( l - £ p )  = ( l - £ c ) ( A c/Ap) (2.33b)
and therefore does not depend on any particle properties. Quite clearly, according to 
eqn. (2.33b), the hopper half-angle of the conical hopper will be the most critical 
param eter affecting the magnitude of the voidage jump. Quite modest changes are 
predicted even at significantly narrow-angled hoppers when the diameter of the vertical 
stand-pipe is equal to the hopper orifice diameter, see Table I.
Mills Lamptey and Thorpe [1990 and 1991] studied the flow behaviour of solid-liquid 
mixtures of high solids fraction from storage vessels such as hoppers. They carried out 
experiments using glass ballotini and diakon spheres in water. They developed a 
theoretical model to predict the discharge rates from hoppers of the solid-liquid in the 
mixture. Their model is modified from the theory proposed for the discharge of dry 
powders from hoppers which has been pressurised by a gas, Nedderman et al. [1983]. 
They found experimentally that the solid flow rate Ws has a similar relationship with 
the pressure drop AP to that of air assisted flow of dry particulate, i.e. Ws2 
proportional to AP. They obtained good qualitative agreement between the 
experimental results and the theory. They also studied the flow behaviour over a range 
of variables such as; pressure drop, solids and liquid flow rates and the volumetric 
discharge fraction of the liquid. They observed the discharge liquid fraction to be 
nearly constant over a wide range of pressure drops.
Mills Lamptey and Thorpe [1991] have more recently adopted the assumption of a 
packed-bed of constant and uniform voidage extending to the hopper orifice in 
calculating the discharge rates of coarse granular solid-liquid mixtures from conical 
hoppers. The values of the packed-bed voidage considered were, in general, smaller 
than the incipient fluidisation voidage of the solids. Furthermore, in their theoretical 
analysis, Mills Lamptey and Thorpe [1990 and 1991] made no allowance for the 
possible variation of packed-bed voidage at the hopper orifice as a function of the 
mixture discharge rate, which was subsequently observed to affect the solids fraction in 
the discharge in their experiments with different particle to orifice diameter ratios.
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Mills Lamptey and Thorpe [1991] have developed a working equation for the 
interstitial pressure drop within a solid-liquid mixture bed flowing in a conical hopper. 
They have assumed radial stress and velocity field of solids, constant value of the 
interstitial voidage and the validity of the Ergun equation to describe the percolation of 
interstitial fluid within the bed. Their approach is adopted in the present work, to relate 
the experimental pore pressure profiles with voidage profiles in the hopper for packed- 
bed region.
They first considered the energy per unit mass of the interstitial fluid using eqn. (2.11): 
—  +  U]L1 +  gi*! =  —  +  g r 2 +  f r i c t i o n a l  l o s s e s .  (2 34)
p 2 p 2
They assumed the frictional losses are dominated by percolation of the liquid through 
the particles and can therefore be evaluated in terms of a pressure gradient from the 
Ergun equation, eqn. (2.20):
f d I M  1 5 0(u l  - u s X l - £ ) %  | l - 7 S p ( u L - u s ) 2 ( l - e )  ( 2 . 3 5 )
V d r J Ergun d p £ 2 d p8
They differentiated eqn. (2.34) with respect to r and used eqn. (2.35) to evaluate the 
frictional losses, the constant Pi, uli and rj disappeared and eqn. (2.34) became:
dP , d u L , _  1 5 0(u l  - u s X l - e ) 2 P  , 1 .7 5 (u L -  u s )2 (1 -  e )  (2.36)
——  + u , —  + g -    2 2----------------- +---------------------- -T~Z----------
p d r  dr  d p£ p d p£
where uL = velocity of the fluid and Us = velocity of the particles.
If the mass flow rate of the particles is W s (positive downwards), it is related to the 
particle velocity us (positive downwards) by a continuity relationship, see Mills 
Lamptey and Thorpe [1991]:
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W s = p s ( l  - e)us r 2 2 n ( l  - cos0w) (2.37)
where 0W is the hopper half-angle; see Fig. 2.1(b), and the mass flow rate o f the fluid is 
similarly related to the fluid velocity uL by:
WL = Pl e u l  r2 2 n ( l  - cosOw) (2.38)
Here both Us and uL refer to the radial components of velocity and eqns (2.37) and 
(2.38) result from the integration of a radial velocity field within a conical hopper, 
Nedderman [1992] gives:
Q w
Q =  J 2 7tu(r,0 ) r s in 0 d 0  (2.39a)
o
which defines the volumetric flow integral in terms of the variation o f velocity with 
angular position at a given value of radial distance r. A more useful expression results 
from the transformation of the integration limits from angular 0 to radial position r, 
resulting in an equivalent expression:
O  r=r
—  = J27tu(r,0)(l -  cos0w )rdr (2.39b)
2  r=r0
which allows the calculation of the variation of radial velocity with radial distance at 
any given value of 0.
Rearranging and differentiating, eqns. (2.37 and 2.38) with respect to radial distance, r, 
and then substituting in eqn. (2.36) results in the interstitial fluid pressure profile:
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where
a
P S 2 r c ( l  -  c o s G w )
z
p L 2 tc( 1 -  c o s 0 w )
Eqn. (2.40) allows the interstitial fluid pressure profile within a flowing granular bed to 
be calculated if an a priori flowing voidage profile is known or alternatively a constant 
value of the flowing voidage is assumed. Both approaches will be considered in 
chapter 6.
2.8 NON- NEWTONIAN RHEOLOGY
An alternative to the packed bed approach described above is to treat the solid-liquid 
mixture as a non-Newtonian fluid with a finite yield stress. Bingham fluid and Visco­
plastic fluid models have been proposed in the past to describe the flow behaviour of 
slurries and pastes; see for example Adams and Briscoe [1993] who present a recent 
review of the subject area. It is however, open to debate, as to under which conditions 
a modified non-Newtonian fluid model would be appropriate when dealing with quite 
coarse solid food particles (i.e. dp >lm m ).
At sufficiently high shear strain rate (of the order of 15 s '1) the change in voidage is 
relatively small which enables the interpretation of the results, by using the Herschel - 
Bulkley model for non-Newtonian liquids and Critical - State model (Schofield et al. 
[1968]) for a granular material. On the other hand, at much low shear strain rate ( < 2 
s '1) there is a significant voidage change accompanying shear which renders to the
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homogenous phase assumption contrasted in these analysis less appropriate; see Smith 
et al. [1996].
Clearly, in dense-phase transport of nearly buoyant coarse (dp > 1mm) particles in 
liquids, the large particle size allows significant slip velocities to develop relative to the 
liquid which result in the observations of packed-bed to  settling suspension transitions. 
This is a significant contrast to the non-settling suspension or paste flow where the fine 
particles are known to follow the liquid streamlines with little apparent slip and the 
rheology of the fluid is modified directly by the existence o f fine solids often resulting 
in non-Newtonian behaviour, (Brown and Heywood [1991]). For the coarse solids, the 
variations in relative slip velocities and local interstitial voidage are found to be the 
mechanisms which control the flow in a manner very similar to the flow of fine 
particles in a gas medium.
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CHAPTER 3
MATERIAL CHARACTERISATION
3.1 INTRODUCTION
In this chapter determination of the physical properties of the solid materials such as 
particle size, shape, density, surface topography and compressibility is discussed and 
typical results are presented. The bulk mechanical properties such as the internal angle 
of friction, angle of repose and wall friction of the food analogues as well as one real 
food are measured and presented.
Experiments were also performed to determine the normal and tangential compliance 
of the sample particles during the micro-slip of contact surfaces, leading to the gross 
sliding limit of friction, in a specially constructed single - particle shear cell which is 
used to determine contact frictional properties, see Mullier et al. [1991 ].
In a series of uni-axial compaction experiments, the variation of bulk density of dry 
material samples under consolidation was also determined and the resulting data were 
interpreted in terms of the Critical State Theory as expounded by Schofield and W orth 
[1968]. Finally the fluidisation characteristics of the beds of food analogues and a 
model food, uncooked soaked peas, were determined.
Rather brief descriptions are provided here of the details of the experimental 
techniques used since these have been adequately discussed elsewhere, Shamlou 
[1988], Mullier et a l  [1991] and Nedderman [1992].
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3.2 C H A R A C TER ISA TIO N  O F SIN G LE P A R T IC L E  PR O PE R T IE S
3.2.1 INTRODUCTION
Conducting a large number of experiments with real foods would be very expensive as 
real foods, especially when they are soaked, can not be used many times over a long 
period. Therefore, it would make sense to establish experimental reference states to 
compare with possible observations of the flows of real foods; by conducting 
experiments with different food analogues, such as different types of extruded plastics, 
(polystyrene). These food analogues are so chosen to reflect the range of physical and 
frictional properties which exist in model food materials. Near spherical as well as 
cylindrical particle shapes have been considered with particle sizes of the order of a 
few mm, see Table II.
The particle size, shape and surface characterisation of the analogues as well as of a 
model food (i.e. soaked peas) were carried out using the Scanning Electron 
Microscopy and the Quantimet Image Analyser. The results are presented in the 
following sections.
3.2.2 DETERMINATION OF SURFACE TOPOGRAPHY
Using Scanning Electron Microscopy, SEM, particle shapes and surface topography 
were observed, and the results obtained with different materials are shown below:
Material A: has a regular rounded shape and it is a hard extruded plastic material, 
(polystyrene).
B: is quite regular and has a hard hollow cylindrical shape made of 
polystyrene.
C: is highly non-isotropic, the particles are flat and flaky, both particle size 
and shape vary greatly.
39
D: has a rounded near spherical shape and made of a soft Evoprene 
elastomer.
E: is also quite regular and has a soft cylindrical shape made of a soft 
Evoprene elastomer.
F: is regular in shape and has a rounded near spherical shape and made of a 
soft Evoprene elastomer.
Soaked peas: has a regular rounded near spherical shape, (soaked in water 
for 36 hours).
All materials have a rough and irregular surfaces except the soaked peas which exhibit 
a more regular pattern of surface roughness. Fig. 3.1 compares the surface roughness 
o f the model food, soaked peas with one of the food analogues; Material A. The height 
of surface asperities for analogue A and soaked peas were both found to be of the 
order of (5-30) pm.
3.2.3 PARTICLE SIZE AND SHAPE ANALYSES
Measuring the (spherical equivalent) diameter of a single particle can easily be 
accomplished using a variety of methods. If the particle is large, its diameter can be 
measured with a micrometer and if it is small, a travelling microscope can be used. This 
latter process has been automated using video cameras and computerised image 
analysis techniques. Many such devices are commercially available and often contain 
software which can also analyse particle shape and size distributions. Particle size can 
also be determined by sieving and various fluid mechanical techniques based on the 
measurements of terminal velocities. Another favoured technique for smaller particles 
is that of the Coulter counter in which a dilute suspension is passed between electrodes 
and the particle size is inferred from the change in electrical resistance.
Particles are rarely composed of perfectly spherical shape and therefore some arbitrary 
choice of the measure of particle size has to be selected. Perhaps the best measure of 
size is the equivalent spherical diameter Ds. This is defined as the diameter of the 
sphere having the same volume as the particle:
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Ds = (6vp/  jt),/3 (3.1)
where vp is the volume of the particle. A complementary parameter Zs known as the 
shape factor, can be defined by:
Xs = (A /  jiDs2 ) (3.2)
where A is the surface area of the particle. The shape factor is the ratio of the surface 
area to that of the equivalent sphere and the reciprocal of Xs is sometimes called the 
sphericity.
The shape and size of the particles are quantified by the scanning electron microscopy, 
(SEM) technique. Particles are placed on a plane and viewed normal to that plane; 
hence such techniques cannot distinguish between a disc and a sphere and there is no 
facility for measuring the volume of a particle. Instead, the projected area Ap, and the 
associated perimeter Pp are measured and an equivalent diameter Ds and the shape 
factor, Xs, (where 1/A.s = sphericity) are calculated in each case using formulae:
(3.3a)
(3.3b)
The results obtained for the six food analogues and a model food, uncooked soaked 
peas are shown in Table II.
3.2.4 NUMBER BASED SIZE DISTRIBUTIONS
The particle size and shape distributions were measured with the aid of the 
computerised particle size analyser, Quantimet. The number based size distributions
D s = 
and
4 A
K
Pj
7tDs
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were determined by measuring the surface area o f a few number of particles for 
Materials A, B, D, E, F and soaked peas, but for Material C, a large number of 
particles were used. Quantimet calculates the mean particle size and the associated 
standard deviation and sphericity from the histogram distribution curves which give the 
variation in particle size with weight fraction; see Fig. 3.2(a) and Fig. 3.2(b) which 
show the results for Material A. All the other materials have also been examined and 
the results are summarised in Table II.
3.2.5 DETERMINATION OF PARTICLE DENSITY
The solid density ps of the particles can not be measured by the standard techniques of 
liquid displacement since their solid densities are very close to the density o f water. 
Instead they were measured by using Multi-volume Pycnometer 1305 (Helium gas). 
The results are shown in Table II.
The Multi-Volume Pycnometer 1305 accomplishes the measurement of skeletal 
volumes by observing the reduction of gas capacity in helium or most other suitable 
gases penetrate even the smallest pores and surface irregularities, the volume obtained 
permits computation of the ultimate theoretical density of the solid comprising the 
sample if there are no closed pores. The sample chamber with the sample present is 
first charged to a gas pressure of about 20 psig. Subsequent expansion of this gas 
charge into a second precisely measured volume which was previously at the same 
temperature and at zero psig results in a second pressure which becomes progressively 
smaller for larger samples. Application of mass balance equations for the gas permits 
easy computation of the sample volume when the volumes of the empty sample 
chamber and the expansion chamber are known and the pressure drop ratio upon 
expansion is also known.
3.2.6 SINGLE PARTICLE SHEAR CELL
The bulk stress and flow fields generated in process vessels for granular systems may 
also depend on the single particle properties of the particulate assembly such as particle
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elasticity, surface roughness etc.. These properties are closely related and should be 
considered together. They determine to a large extent the degree of interaction of 
particles with the surrounding fluid and with each other. These interactions, in turn, 
influence critically the behaviour of the bulk material e.g. flowability. The elastic 
properties of the single particles including Young’s modulus and Poisson ratio were 
determined using a single-particle shear cell.
The single particle shear cell (Mullier et al. [1991]) measures simultaneously both the 
contact forces and the micro-displacements of the contact region, see Fig 3.3, which 
consists of; a bi-axial stage controlled by two Vernier micrometers fixed on an angle 
bracket, connected to two piezo electric displacement/load transducers and two sample 
holders, one fixed on stage, one fixed on a micrometer rack. A data analogue voltage 
drive unit, a output voltage translator, digital voltmeter and a data logger were also 
used.
In a series of simultaneous compression and sliding friction experiments, the normal 
and tangential compliances of the materials were measured during the micro slip stage 
prior to gross sliding between surfaces. The resulting data were then used to establish 
the elastic or inelastic behaviour of the contacts by comparison with Hertz theory 
[1892] and Mindlin [1953] which allow single particle friction coefficients to be 
determined; see Appendix B. Figs. 3.4(a) to (d) show data obtained with the food 
analogues A, C and F as well as soaked peas.
The graphs of the elasticity of normal load versus displacement response, (53/2), were 
plotted, see Fig. 3.5 which shows a typical result for Material A. Theoretically the 
curve should be a straight line, obeying Hertz theory. Elasticity of Materials A, B, D, E 
and F were all found in good agreement with theory. It is possible to fit a straight line 
through the data in all cases. With Material C, however, the large degree of variance of 
particle makes a universal plot impossible.
The tangential compliance of the materials was found by compressing the particles to a 
set normal load, and then the contact centres were caused to move tangentially in small
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discrete steps of 1 pm at a time and resulting tangential force was measured by the 
engaging piezo transducer; refer to Appendix B for details. The test was continued 
until no change was observed in the tangential force with continuing tangential 
displacement of the particles, i.e., when the gross sliding limit was reached, see Fig. 3.6 
which shows the result, for Material A.
Initial tangential compliance Ct0 was obtained by fitting a curve to the initial tangential 
loading to the friction limit data and then taking its derivative as F —> 0. The 
accuracy of the value of the initial tangential compliance will greatly depend on the 
frequency of the data points at near zero tangential loads. The data points at near 
tangential loads were very difficult to obtain and these data are the best that were 
found experimentally after some considerable effort. The reasons for this are because 
the Piezo transducers are very sensitive and fluctuate considerably at small values of 
the normal loads (W < 0.1N).
Appendix B provides a description of the calculations carried out to determine the 
Y oung’s modulus and the Poisson ratio from the above test results.
3.3 C H A R A C TER ISA TIO N  O F BULK M E C H A N IC A L  PR O PE R T IE S
3.3.1 INTRODUCTION
The bulk mechanical properties of the material samples were determined in parallel in 
separate sets of experiments in order to fully appreciate the relationship between single 
particle and bulk properties. All bulk mechanical tests at Surrey were carried out under 
dry conditions. No attempt was made to submerge test samples in water. Hence these 
results can not explain the effect of the interstitial liquid on the bulk mechanical 
properties. This aspect was investigated at Silsoe Research Institute using a large 
annular rheometer purpose built to operate with coarse solid-liquid mixtures; see 
section 3.3.4.
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The instantaneous uni-axial consolidation tests of dry bulk samples and the 
corresponding measurements of bulk specific volume, (= l/p b) are discussed in section 
3.3.2. The measurements of the internal failure properties of the materials using the 
Jenike shear cell are presented in section 3.3.3. Finally the measurements of angle of 
repose and wall frictional properties are discussed in section 3.3.4.
3.3.2 BULK COMPRESSIBILITY TESTS
Instantaneous Consolidation Tests and Measurements of Specific Volume.
The bulk density, pb and its reciprocal, which is know as the specific volume, v b can in 
principle be measured by filling a vessel o f known volume with the bulk material and 
weighing the contents. However, if this is attempted, it is soon realised that a range of 
bulk densities can occur depending on the manner in which the vessel is filled. The bulk 
density is found to increase with the application of elevated stresses and also when the 
material is tapped or vibrated.
The bulk density is clearly related to the void fraction in the sample, 8, and the solid 
density, ps.
p b = p s ( l - e )  (3.4a)
The Oedometer consists of a cylindrical cell with a moveable piston. A carefully 
weighed material sample is placed in the cell then a uni-axial consolidating load was 
applied via the piston. The changes in the bulk sample volume were determined by 
recording the change in the position of the piston i.e. the height of the sample, see Fig. 
3.7.
All materials were consolidated under different uni-axial loads in modified soil 
Oedometer.
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Here the mean compressive stress is given by:
CF(m) = ( W A) /  (A) (3.5a)
where W A is the applied uni-axial load and A is the cross-sectional area of the 
Oedometer.
During consolidation, change in the sample volume, V, is given by:
V = (AH) (A) (3.5b)
where AH is the change in height of the sample.
Defining the mean solid fraction within the bulk sample:
T|(am) = (1 " £(am )) =  (in /  PsAAH(om)) (3.6a)
where r), is the solids fraction and m is the mass of the sample..
Hence the mean value of the bulk voidage as a function of the applied compressive 
stress is given by:
£ (am) = 1 “ ( m /  ps A AH(0m)) (3.6b)
The densities of the bulk and the particles are therefore related by the variation of the 
interstitial voidage, £ (om) as expressed in eqn. (3.4a). The nature of the variation of the 
interstitial voidage with mean compressive stress, a m is often of a logarithm expression 
of the form, see Nedderman [1992]:
where ( P s \  is the ratio of solid density to bulk density at a reference state of stress,
Jo
and is rewritten in terms of voidage £ (om)
-  A, In a  m (3.7b)
Dividing both sides of eqn. (3.7b) by the solid density, ps results in an expression in 
terms of bulk specific volume:
which describes a logarithm dependence of the bulk specific volume on the mean 
compressive stress. Here Vo represents a specific value of the Vb at a reference state. 
However, this form of eqn. (3.7c) is inadmissible since it is not possible to take the of a 
dimensional quantity, therefore it is better to write this equation in the form :
where Go is some reference compressive stress which is almost universally taken to be
circumstances eqn. (3.7c) can be used provided G(m) is measured in kNm'2.
Equation (3.7c) implies that the specific volume tends to infinity, and hence the bulk 
density to zero, as the mean compressive stress is reduced to zero.
The consolidation curve is found experimentally which shows the specific volume is 
roughly proportional to the logarithm of the. uni-axial compressive stress, see Fig. 3.10. 
Fig. 3.8 shows the variation in the bulk density of an initially loose sample, as the 
compressive load is first increased AB then decreased BC, and finally increased again 
CDEF, on increasing the compressive load the material compresses. This is due to 
rearrangement of the particles which in most cases are effectively incompressible and
v b =  Vo- A l n a m (3.7c)
v b =  v 0 - A i n  ( a m / a 0 ) (3.7d)
1 kN nf2 and Vo is the specific volume at that compressive stress. Under these
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therefore reflects the change in void fraction e. However on reducing the compressive 
load, very little expansion is observed, showing that these voidage changes are 
effectively irreversible. On increasing the compressive load again, the density remains 
effectively constant until the original line is reached and the material continues to 
compress as if no stress reduction had taken place. Finally, at very high compressive 
load, crushing of the materials can occur and irreversible changes in the nature o f the 
material take place.
Fig. 3.9 and Fig. 3.10 show the instantaneous variation of the specific volume with 
consolidating load which corresponds to Material A at loose and dense packings 
respectively. All other materials have been examined and the results are summarised in 
Table III.
The results show that the relation between the specific volume and the compressive 
load for Materials C and F  are not linear up until a stress of 2.7 kNm'2 is reached, this 
is because the particles are rearranging themselves. The gradient, X, o f the eqn. (3.7d) 
which is the ratio of the change in the specific volume to the logarithm o f the 
compressive load, shows Material F  and peas have a large change in specific volume 
for a small compressive load, compared to the other materials. This means that the 
materials are soft and /  or in the case of soaked peas, the skin of the peas could be the 
cause of the large change in specific volume.
Fig. 3.9 shows clearly that the curve is made of two gradients, initial gradient is caused 
by particle rearrangement (as the compressive load increases there is a small change in 
specific volume). Further increase in compressive load results in a larger change in 
specific volume which determines the compressibility of the bulk.
In each case, data is produced up to a consolidating stress of 13 kNm'2. This limit is 
well above the hydrostatic stress Gy = pbgH in a vessel o f 1.5 m in height which is 
similar to the model hopper used in flow experiments, see chapter 4.
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Angle of Repose
The internal angle of friction is sometimes approximated by the so-called angle of 
repose of the material. This is a reasonable approximation only when the cohesive 
strength of the material is negligible. Two alternative ways have been used to 
determine the angle of repose: materials are either (i) discharged from a flat-bottomed 
container (see Rose and Tanaka [1959]), Tiiziin and Nedderman [1982]) or (ii) are 
allowed to form a heap on a horizontal surface (see Smid [1983]). In the former case, 
the angle of repose is given by the angle between the surface of the material left behind 
in the container and the bottom wall at the end o f discharge; see Fig. 3.13(a). In the 
latter, the half-angle of the free-standing heap measured at the top is taken as the angle 
of repose; see Fig. 3.13(b). Both of these two methods of measurement refer to the 
materials at rest, hence they were only taken as a likely inclination of the ‘static’ value 
of the internal angle of friction. The results obtained for both methods are shown in 
Table IV.
Wall Friction properties
The angle of wall friction were measured by placing a layer or a heap of a sample of 
the material on to the horizontal surface of the clear acrylic wall and tilting the wall 
surface until slip occurs; see Fig. 3.13(c). Table IV shows the observations and 
measurements which were made during these experiments.
It is quite clear from these measurements, that despite the very smooth finish of the 
clear acrylic wall surface, the so-called wall friction angles of all the materials are 
found to be still substantial (~ 20°) even though some 20° - 30° smaller than the 
internal friction angles.
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3.3.3 JENIKE SHEAR CELL TESTS
Measurement of the Internal Failure Properties.
The internal failure properties of the materials have been determined using a Jenike 
type shear tester as seen in Fig. 3.11. This is effectively a split cylindrical container 
which is filled with the material, to which a vertical load W  is applied and the force F 
required to induce shear in the horizontal direction is measured. Any weight required 
for pre-consolidations is applied to the lid. The pre-consolidating load is then removed 
and a smaller value of the normal load is applied before allowing the force F to shear in 
the horizontal direction at a controlled speed. After each measurement, the cell is 
emptied and the entire procedure is repeated.
The internal failure loci of the materials were obtained at three different pre­
consolidation loads. Fig. 3.12 shows just one example for Material A. All other 
materials have been examined and the results are summarised in Table IV. In each case, 
five data points have been obtained along each yield locus corresponding to a given 
value of the pre-consolidation load.
The instantaneous yield loci seen in Fig. 3.12 are relatively linear and almost 
independent of the level of pre-consolidation, the material is said to obey Coulomb's 
failure criterion where:
t  =  a  t a n  <{> +  c  ( 3 . 8 )
where (x, a ) are the shear and normal stress components, c is the cohesion and <|> is the 
internal angle of friction.
Materials D and F exhibit a relatively compressible bulk and their internal yield loci are 
therefore affected by the level of pre-consolidation. In this case, an effective yield locus 
is calculated by drawing a line which lies tangent to the Mohr's circles containing the
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termination points of the individual yield loci. The angle o f the effective yield locus is 
referred to as the effective angle of internal friction ({) which is calculated, see Table 
IV.
3.3.4 SILSOE ANNULAR RHEOMETER
A large annular shear cell has been built at Silsoe Research Institute capable of 
measuring normal and shear stress versus strain rate behaviour of the food analogues 
and model foods in a variety of liquids o f different viscosity. The shear cell is capable 
of operating over a very large range of strain rates (i.e. 2 - 30 s '1) which does cover an 
extensive range of mixture discharge rates in hopper operation. Details of the annular 
shear cell are described by D. L. O. Smith [1995].
The annular shear cell (Fig. 3.14) consists of a rotating annular trough (1.5 m OD, 
0.75 m ID) which is filled to a depth of approximately 75 mm with the sample mixture 
to be tested. The mixture is confined within the trough by five concentric annuli which 
form a non-rotating but raisable lid. The middle three annuli are instrumented to 
measure the normal load and the torque applied to the mixture whereas the innermost 
and outermost annuli act as guard rings to isolate the edge effects due to the walls of 
the trough.
Two principal types of test may be performed. In the constant normal stress test, the 
load imparted to the solids of the mixture by the measuring annuli is adjusted to the 
required level by adding weights to the lid or by removing one or more of the twelve 
tensators that counter-balance most of the weight of the frame. During a constant 
normal stress test, the vertical deflection of the lid and frame is measured, which allows 
the changes in the solids bulk volume to be calculated. In a constant volume test, the 
frame of the lid is clamped to the central column, such that the solids of the mixtures 
occupy the volume required to achieve the desired solids concentration, and the normal 
stresses that are developed throughout the test are measured.
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The trough may be rotated at up to 20 rpm, which induces shear rates of up to 15 s '1 
for a mixture depth of 75 mm. Higher shear rates are possible by reducing the depth of 
the mixture with an adequate gap between the moving surfaces, but the maximum 
particle size in the mixture should be reduced accordingly..
The annular shear cell is to be used to relate the shear stress to shear rate (which could 
be expressed as an effective viscosity, for example) in terms of solids concentration 
and / or normal stress within the solids. Such relationships could provide a coupling of 
the liquid phase momentum equation with the solids momentum equation which 
requires explicit relationships between normal stresses and bulk voidage as well as a 
description of the frictional losses in inter-particle and particle - wall contacts. 
However, the Silsoe shear cell results were not available during the present project life­
time and an alternative approach was taken instead. A mean-field model ignoring solid 
frictional effects is proposed in this dissertation based on the Wallis’ Drift Flux concept 
to predict the flow patterns of food mixtures during mixture discharge; see chapter 7.
The preliminary results at Silsoe have shown that the normal stress and voidage 
relationship within the mixture bed is largely unaffected by shear strain at high values 
o f the strain rate (i.e. > 4 s '1) where as at much lower values of the strain rate, the 
effect is much more pronounced. Their results have also indicated a strong dependency 
of the shear stress upon voidage and rather less dependency upon shear rate at the 
relatively low voidage and liquid viscosity being considered. However, it became 
apparent that, particularly at low voidage, the measured shear stress was time 
dependent; for example, stresses decreased with time for Material A (hard particles) 
and increased with time for Material F (soft particles).
3.3.5 RANKING OF THE FOOD ANALOGUES IN TERMS OF THEIR 
FRICTIONAL BEHAVIOUR
From the bulk compressibility tests described in section 3.3.2, a change in the normal 
stress of 1 kNm'2 causes a 0.7 % change in voidage of soaked peas and for food 
analogues the change is between (0.14 - 0.43) %. It follows that the larger the change
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in voidage results in a larger change in the slip velocities; see chapter 5. Here Material 
F, has a 0.43 % change in voidage, which is closer to soaked peas.
The internal friction angles of most food analogues are approximately the same, about 
38°, where as soaked peas have about 10 % larger friction angle. Larger friction angles 
result in a packed-bed flow to be sustained as large shear strains will be necessary to 
break the bed into suspension. Hence, greater fluid pressure losses incur due to the 
percolation through the particles; see chapter 6.
The diameter of the particles of soaked peas are (50 - 60)% larger than the food 
analogues and its density is (5 -  11)% greater. The density of Material F, is closer to 
the density of soaked peas. Larger particle sizes and higher particle densities result in 
greater terminal velocities, which as is demonstrated in chapter 4 of this dissertation, 
result in a significant increase in the liquid content of the discharged mixtures.
3.4 DETERMINATION OF THE FLUIDISATION CHARACTERISTICS OF 
THE FOOD ANALOGUES AND SOAKED PEAS
3.4.1 INTRODUCTION
The term fluidisation is used to show the contacting process of the fluid-solid, that is 
when a bed of finely divided solid particles is lifted and agitated by a rising fluid, 
(Davidson et al. [1971], Jones et al. [1965]) have reported two types of fluidisation 
namely particulate and aggregative forms. In general, the particulate form occurs 
primarily in systems fluidised with liquids, and the aggregative or bubbling 
characteristics occur when gases are used to fluidise the bed. As liquids have been used 
as interstitial fluid in the current study, the “particulate” form of fluidisation is 
considered in the following sections.
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3.4.2 MEASUREMENT OF MINIMUM FLUIDISATION VELOCITY
Pressure Drop-Velocity Relationship
Experiments were conducted to measure the minimum fluidisation voidage, emf, and 
the minimum fluidisation velocity, umf, of the materials.
W hen a fluid is passed upwards at low velocity through a bed of particles, it 
encounters frictional resistance and exhibits a drop in pressure as it flows through the 
interstices. This pressure drop, APB, is initially rising as the superficial velocity o f the 
fluid, u, is increased. At this stage the relationship between pressure drop and velocity 
in a fixed bed of constant interstitial voidage is applicable. This is represented by a line 
o f constant slope on the APB versus u graph (Fig. 3.15(a)) reflecting the constant 
permeability of the fixed bed. At a high enough value of the frictional pressure drop, 
APb sufficient to equal the immersed weight of the particles, the bed will be set in to 
motion at a constant value of APB. This is referred to as the incipient fluidisation state 
which is represented by the horizontal line in Fig. 3.15 (a).
In real systems, the packed-bed will expand as interstitial fluid velocity is increased 
which will therefore result in a reduction of the permeability resistance of the bed 
thereby reducing the slope of the curve with increasing fluid velocity shown in Fig. 
3.15(b) during fluidisation of Material A. Increase in fluid velocity results in continued 
expansion of the bed until, eventually, any further separation of the particles is only 
possible if they become physically separated from one another and free to move within 
the fluid. At this stage the superficial fluid velocity is known as the “minimum fluidising 
velocity”, umf; see Fig. 3.15(a). As the fluid velocity is further increased, the pressure 
drop over the bed remains constant.
In gas fluidisation, the excess fluid will percolate as bubbles after the minimum 
bubbling velocity is reached. However, in particulate fluidisation occurring in liquid 
borne systems where there is little density difference and appreciable liquid viscosity,
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liquid percolation gives rise to significant bed expansion. Fig. 3.15(c) shows a variation 
of the packed-bed height of the bed with superficial velocity (u = Q/A), in particulate 
fluidisation of Material A.
The measurement of the bed height at incipient fluidisation, Hmf allows the calculation 
of minimum fluidisation voidage, emf using eqn. (A2) in Appendix A.
If the fluid velocity is now progressively reduced, the pressure remains constant to a 
point o f “incipient fluidisation”. Further reduction of velocity is accompanied by a 
progressive decrease in pressure drop, but the pressure drop-velocity curve is lower 
than that obtained while the velocity was being increased because, in the absence of 
vibration, the bed voidage remains approximately at the value £mf, corresponding to a 
bed at the point of incipient fluidisation during depressurisation.
Measurement of Particle Terminal Velocity
The terminal velocities of single particles were measured experimentally by allowing a 
particle to fall through a column of liquid (in this case water) and recording the time 
taken between two points in the column, this was repeated several times and then the 
mean value was taken (see Table V) and compared with the values obtained from the 
Richardson and Zaki [1954] expression, refer to eqn. (A8) in Appendix A. The 
intermediate terminal Reynolds number range (1< Ret < 200) is used here, because the 
values of the terminal Reynolds number determined from the experimental data fall 
within the intermediate range. Table V, provides a summary of the calculated and 
measured fluidisation parameters. The ratio o f the free-fall velocity to the minimum 
fluidising velocity can be calculated providing that the voidage at the incipient 
fluidising point £mf is known, see Fig. 3.16.
Calculation of Minimum Fluidisation Voidage
The values of £mf were obtained from the pressure drop equation; see eqn. (2.22) and 
eqn. (Al )  in Appendix A and from the Richardson and Zaki equation, eqn. ( A l l )  in
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Appendix A. Furthermore, calculations were repeated using the experimental values of 
bed height and superficial velocity at incipient fluidisation, refer to Appendix A. A 
summary of the results is shown in Table V.
Richardson and Zaki Correlation Index, n
The index n is a function of the ratio dp/D and of the Reynolds number, involving the 
free-fall velocity of the particles and the mean spherical diameter of the particles. By 
dimensional analysis, it can be shown (Richardson and Zaki [1954]) that n would be 
expected to be a function of dp/D and Ret, but that at very low and very high values of 
Ret, it would become independent of Ret. The empirical relations for uniform spherical 
particles were obtained experimentally by Richardson and Zaki [1954], see Appendix 
A.
The calculated values of index, n, in Appendix A, are plotted against Galileo number, 
Ga in Fig. 3.17 for values of £mf of 0.40, 0.42, 0.45, 0.50, 0.55 and 0.60. Galileo 
number is a function of the relative density, particle diameter and the fluid viscosity, 
and it is also proportional to the terminal Reynolds number. Experimentally determined 
values of interstitial voidage obtained from the Richardson and Zaki [1954] analysis, 
experimental mass balance, and Ergun [1952] equations respectively, are also shown in 
this figure. It can be seen that the experimental values are somewhat higher than the 
predicted values. This suggests that the friction factors for fixed beds are lower than 
for a fluidised bed at the minimum fluidising velocity.
3.5 CONCLUSIONS
The primary reason for working with food analogues and characterising them in depth 
to cover a range of properties like density, particle size, shape, surface roughness and 
different degrees of compressibility is because, by carefully selecting a range of food 
analogues it should be possible to represent the range of single particle and bulk 
frictional properties of real foods.
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In any experimental investigation one needs to rely on the use of food analogues in the 
first instance, at least to establish the physical phenomena associated with mixture 
flow, and to try to get a deeper understanding of physics of model flow experiments 
prior to repeating them with real foods. Furthermore, even if the results with real foods 
are also necessary in order to fully analyse these phenomena, a reference state is 
needed in such analyses and the analogues represent a range of such states. In other 
words, when dealing with real foods such as peas or beans, it should be possible to 
suggest that they behave more like say analogue A or F, each of which has a range of 
well quantified properties.
Similarly, in industrial practice, even if tests are to be carried out with actual food 
materials, the operators would be none the wiser without knowing a reference material 
whose physical behaviour in similar process equipment is reliably understood.
Analogues A, E and F were used in the discharge experiments as well as in pressure 
measurements. Only analogues A and F were used for voidage measurements. 
However, soaked peas were used in the discharge experiments and pressure 
measurements. Analogue F proved to be closest to soaked peas on the basis of its bulk 
compressibility results, solid density and terminal velocity.
The frictional properties of the particles have not been included in the theoretical work 
to date. However, size, shape and density of the particles have been found to have a 
very important role in determining the fluidisation and settling behaviour of the 
particles. Hence these parameters have been used in conjunction with the 
determination of the terminal velocities and minimum fluidisation voidage of the 
particles.
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CHAPTER 4
KINEMATICS OF GRANULAR SOLID-LIQUID MIXTURE 
DISCHARGE
4.1 INTRODUCTION
In this chapter, description of the apparatus, experimental procedure and experimental 
measurements are discussed. The technique used for measuring the liquid volume 
fraction in the discharge is described and the values obtained at the different mixture 
flow rates with different solid materials are presented.
In a series of model flow experiments, the discharge was monitored of solid-liquid 
mixtures during batch emptying of a vessel comprising a conical hopper and stand-pipe 
section. This involved measuring the mixture discharge rate continuously and 
determining the time profiles of the component solid and liquid discharge rates by 
calculating the liquid fraction in the discharge. The initial transient, the steady state and 
the final transient stages of batch discharge could be distinguished clearly from the time 
profiles of the discharge rates.
Experiments were repeated with three food analogues and one model food; uncooked 
soaked peas. The food analogues chosen represent a range of particle properties such 
as size, sphericity, modulus of elasticity and surface roughness, refer to chapter 3 for 
characterisation of material properties.
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4.2 DESCRIPTION OF APPARATUS
A model flow rig comprising a clear plastic hopper and a detachable vertical stand-pipe 
section was used to observe the flow regime transitions during discharge and vertical 
stand-pipe transport of the granular solid-liquid mixtures. Fig. 4.1 shows a photograph 
o f the experimental rig. The hopper section is made up of a tall cylindrical top, within 
which most of the bulk materials are kept prior to discharge, supported vertically on a 
metal framework fixed on the table and to the wall. It is 2.17 m tall with an ID of 
0.144 m and an OD of 0.150 m which is attached to a conical discharge section 
opening to a single central orifice of the same diameter as the vertical stand-pipe below 
the hopper orifice. The hopper half-angle is 30° and the orifice diameter is 0.054 m. 
Additional orifice blocks could be added below the main hopper to obtain a range of 
orifice diameters. Also two detachable stand-pipe connections with ID of 0.054 m, and 
0.034 m and length of 0.75 m and 0.71 m were used respectively, Fig. 4.2 shows a 
schematic of the model hopper flow rig.
The cylindrical bin was sealed to atmosphere at the top where the lid contained two 
pipe connections; one to vent air from inside the hopper and another to provide inlet 
for the mains water via a rotameter; refer to Fig. 4.2. All the food analogues were 
discharged with a 0.034 m diameter orifice but due to their much larger particle size 
the soaked peas required 0.054 m diameter orifice, (to prevent arching of the particles 
at plane of the hopper orifice during discharge). Some experiments were also 
conducted with a food analogue at this larger orifice diameter.
A series of pressure tappings was placed along the conical discharge section and the 
vertical stand-pipe to allow for the measurement of differential pore pressure 
measurements during discharge of the hopper contents, refer to chapter 6 for details. 
A ball valve was used to control the flow out of the stand-pipe, which was immersed 
into a water tank at the bottom primarily to prevent air entering the hopper during 
discharge. The holding tank at the bottom was also used to weigh the discharged
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materials through the action of a digital load transducer placed underneath and 
connected to a computer.
4.2.1 EXPERIMENTAL PROCEDURE
The hopper rig was set up to operate in a particular mode. The solids were first poured 
in from the top and then the water in the holding tank at the bottom was pumped up 
through the vertical stand-pipe and into the hopper. This counter-current method of 
filling ensured the removal of any air bubbles which might otherwise have been trapped 
within the particle bed. When all the air was removed from the hopper and the hopper 
was filled with the mixture, the particles were then allowed to settle into a packed-bed 
state by closing the hopper lid and allowing the mains water in through the inlet pipe at 
the top to fill the hopper completely and thus fully submerging the particle bed in 
water. The inlet flow of water into the hopper was controlled by the mains water valve 
and was measured by the rotameter to any value ranging between 0 - 1 kgs'1. During 
the experiments, the discharge of the solid-liquid mixture was set to a desired rate by 
using the inflow of water from a high pressure line controlled by a fixed opening o f a 
valve at the top of the hopper via rotameter. The outlet end of the stand-pipe was 
immersed into the tank of liquid below, principally to prevent the ingress of air at low 
flow rates.
4.3 EXPERIMENTAL MEASUREMENTS
4.3.1 INTRODUCTION
In a series of model hopper flow experiments, the mass flow rates of the solids and the 
liquid were determined simultaneously as a function of flow time. The time profiles of 
the mass discharge rates were examined to establish the on-set of a pseudo-steady state 
after an initial transient stage of discharge.
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The variation of the liquid content of the discharge has been investigated as a function 
o f the mixture discharge rate with different food analogues and one model food; 
soaked uncooked peas.
4.3.2 MONITORING OF THE MIXTURE DISCHARGE RATE DURING BATCH 
EM PTYING OF THE MODEL HOPPER
Initial transient, pseudo-steady state and final transient stages of batch discharge could 
be distinguished clearly from the time profiles of the discharge rates.
Initial Transient
Figs. 4.3 (a) to (c) show variation of mixture flow rate with time. By looking at these 
graphs it is clearly seen that, initially the mass flow rate is increasing with time. 
However, after a finite time period the discharge rate is found to settle to a constant 
value and the duration within which this is completed is known as the “initial transient” 
time of batch discharge. Duration of the initial transient stage of discharge can take 
between a few to tens of minutes depending on the material and the total mixture 
discharge rate. This result has significant implications in industrial application; for 
example, it will be quite difficult to achieve constant filling rates of solids and liquid in 
batch-wise filling of containers for example unless quite high mixture discharge rates 
(> 0.5 kgs '1) are used achieving rather rapid initial transients.
Pseudo-Steady State
After the initial transient, the mixture discharge reaches a so-called pseudo-steady 
state. The duration of the pseudo-steady state is determined by the head of material in 
the cylindrical section and its rate of descent with discharge. Hence, fast discharge 
rates allow little time for steady state flow observation. This has put serious constraints 
on the discharge rates that could be used in studies of the flowing voidage as 
tomographic measurements requires a minimum of 5 to 6 minutes of steady state flow
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for a number of planar scans to be taken along the holding vessel. The details of 
tomographic investigations are presented in the following chapter.
Final Transient
The pseudo-steady state of discharge is observed until the height of the bed in the 
vessel reaches the transition region from the cylindrical to the conical hopper section. 
From then on, the mixture flow rate is observed to decrease with continuing descent of 
the top surface of the material bed in the hopper. This stage is known as the “final 
transient” stage of discharge.
Only the initial transient and the pseudo-steady state stages of the discharge are shown 
in Figs. 4.3 (a to c); the final transient stage o f batch discharge during which the bed 
height in the hopper approaches the hopper orifice, resulting in a significant change 
both in the value of the mixture discharge rate and the discharged liquid fraction, is not 
presented here. Transient effects should undoubtedly be the subject of a further study.
4.3.3 MEASUREMENTS OF STEADY STATE DISCHARGE RATE AND LIQUID 
VOLUME FRACTION IN DISCHARGE
By imposing a fixed volumetric flow of w ater into the hopper, a constant discharge 
rate could be obtained under a high material head in the cylindrical section. The solid 
and liquid discharge rates, and the liquid volume fraction in the discharge were then 
calculated by recording the discharged mass over a set period of time using a digital 
weighing platform connected to a computer. The total volume of the discharged 
mixture and the bulk volume of the discharged solids were determined using a stop 
watch and by measuring the height of the discharged bed in a measuring tank which 
had been precalibrated to a scale relating a known mass of solids in the tank to the 
volume occupied by the solids, Vb in the tank. As soon as the steady state was reached, 
the height of solids in the hopper and in the measuring tank were noted for every 10 
seconds. Knowing the height of the discharged bed of solids in the tank, and the
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discharged mass of the solids at any given time, the solids and the liquid discharge 
rates could be calculated as follows:
The total mass of mixture discharge (pmix Vmix) was measured continuously with a 
digital load transducer. The liquid volume fraction in the discharge, a , is related to the 
flow of the two phases, using:
where VmiX = total volume discharged, Vb = the volume occupied by a settled bed of 
solids and sb = packed-bed voidage.
The value of packed-bed voidage, sb for each material was measured four times; by 
placing a known mass of solids, Ms, in a measuring cylinder containing water and 
measuring the bed volume after the mixture was agitated and allowed to settle. It then 
follows that:
The discharge of solids and liquids was monitored by a series of volumetric 
measurements taken at the measuring tank placed at the bottom of the vertical stand­
pipe. The total volume discharged, Vmix, over a given time period, t, is calculated by 
recording the change in the water level in the tank over the same period. It follows 
that:
a = [ V b £b + ( Vmix - Vb )] /  Vmix (4.1)
eb = 1 - ( M s / p s Vb ) (4.2)
mix — Pmix V mjx / 1 — (  V l P l +  V s P s  V  t (4.3)
The liquid and solid mass discharge rates, W L and W s, are calculated from:
WL = ( V mixa p L) / t (4.4a)
and
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W s = ( M mix / 1 ) - W L or simply, W s = W mix - W L (4.4b)
where M mjX is the total mass and t is the time taken.
By knowing the mass flow rate of the mixture and mass flow rate of the liquid, the 
liquid volume fraction is calculated simply as:
Furthermore, using the conical hopper geometry shown in Fig. 2.1 (b), it can be shown 
easily that the mass flow rate of the solids; W s is given by:
where the (included) hopper-half angle, 0W is 30° in the conical hopper used for the 
flow experiments. Here e(r) represents the mean value of the flowing voidage. at a 
given radial distance r, from the virtual apex of the cone and us and uL are the plane- 
mean values of the solid and liquid phase velocities respectively.
4 .4  E X P E R I M E N T A L  V A L U E S  O F  S T E A D Y  S T A T E  D I S C H A R G E  R A T E  
A N D  L I Q U I D  V O L U M E  F R A C T I O N ,  a ,  I N  D I S C H A R G E
Figs. 4.3 (a) to (c) show the time profiles of the total mixture and the individual solid 
and liquid mass flow rates during batch discharge of the hopper contents for the three 
food analogues tested; Materials A, E and F respectively.
(4.5)
mix
Ws = Ps (l “  £ ( r ) ^ i s (r)27cr2 (l -  c o s 0 w ) (4.6)
and the mass flow rate of the liquid; W L:
W L =  p L ( e ( r ) ) u L (r)27i:r2 ( l  -  c o s 0 w ) (4.7)
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The m ost striking feature of the time profiles of solids and liquid discharge rates seen 
in Figs. 4.3 (a) to (c) is the apparent switch over from a “liquid-rich” to a “solids-rich” 
discharge as the mixture discharge rate is reduced. Furthermore, the critical value of 
the mixture discharge rate which gives rise to the switch appears to be different with 
different materials. Material A, for example, requiring very small values of the mixture 
discharge rate (Wmix = 0.03 kgs'1) for the “solids-rich” discharge to be established 
while Material F and the soaked peas switching to “solids-rich” discharge at about 0.1 
kgs '1.
These results suggests a strong correlation between particle properties and the initial 
mixture discharge rates which provide a switch between “solids-rich” and “liquid-rich” 
discharge.
4.5 C O R R E L A T IO N  O F LIQ U ID  FR A C T IO N  O F D ISC H A R G E W IT H  
D ISC H A R G E  V ELO C ITY
Eqn. (4.5) allows a relationship to be established between the mixture discharge rate 
W mix and the liquid volume fraction in the discharge. Eqns. (4.6 and 4.7) allow the 
plane-mean velocities of solid and liquid phases to be calculated at any height within 
the conical hopper assuming that the values of the flowing voidage are also known. 
Such voidage data could only be produced by separate tomographic measurements as 
described in chapter 5.
Figs. 4.4 (a) and (b) provide a comparison of the solids content of the discharge for 
different materials tested both at low and high mixture discharge rates. There appears 
to be a universal asymptote for the solids content at high mixture discharge rates. This 
is observed to be of the order of 40% by weight, with the four materials of different 
particle sizes and solid densities at two different orifice sizes respectively; refer to 
Table II at the end of the thesis.
A reproducible correlation was established between the normalised mixture velocity at 
the hopper orifice ( umjX / ut ) and the liquid volume fraction, a ,  in the discharge. This is
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believed to provide the criterion necessary to predict the liquid fraction attainable at a 
specific value of the mixture discharge rate chosen for a given industrial application. 
Here, ut is the terminal velocity of the particles, which is both experimentally 
measured, and theoretically calculated; details are presented in chapter 3.
Based on Fig. 2.1(b):
Umix =  4 ^ V mix /  (  Pmix 7C Do COS0W ) (4.8)
where D0 is the diameter of the hopper orifice, and:
Pmix = P s  ( 1  - e0 ) + P l  £0 (4.9)
where e0 is the plane-mean flowing voidage at the hopper orifice.
In Fig. 4.5(a), the mixture discharge data has been normalised to take into account the 
effects of the particle properties and the orifice size. The liquid volume fraction in 
discharge, a ,  is plotted against a dimensionless velocity, which is obtained by dividing 
the mean mixture discharge velocity at the orifice by the terminal settling velocity of 
the particles.
Fig. 4.5(a) shows quite clearly that, to ensure “liquid-rich” discharge, the mixture 
discharge velocity should be at least an order of magnitude greater than the terminal 
settling velocity of the particles. Fig. 4.5(b) shows the data obtained with soaked peas. 
The trend is very similar to the one observed with the food analogues in Fig. 4.5(a) 
except that the terminal velocity of the peas is an order o f magnitude higher than the 
analogue materials due their larger particle size and higher solid density, see Table II.
An exponential expression was fitted to the data in Figs. 4.5(a) and 4.5(b) to provide a 
functional relationship between the normalised mixture discharge rate at the hopper 
orifice, umix / ut and the liquid fraction, a , in the discharge that passes through the 
origin refer to Figs. 4.5(c) and 4.5(d):
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(umix/ut )=a e(bct) (4.10a)
where a and b are constants.
Applying the boundary conditions, where uLo and uSo refer to the “solids-only” and the 
“liquid-only” discharge velocities at the hopper orifice.
a  = 0 when (umix / ut ) = (uSo /ut ), and a  = 1 when (umix / ut ) = (uLo /ut ), the values of 
the constants a and b are given by:
a = (uSo / ut ) and b = ln(uLo / uSo).
Therefore substituting for a and b in eqn. (4.10a) the general solution is:
where ut is the terminal velocity, refer to chapter 3, and from eqn. (4.8)
Uso = 4Wso / ps(l - £mf)^Do2
where Emf is the incipient fluidisation voidage.
Here WSo is determined from eqn. (2.28b) the modified Beverloo correlation for mass 
flow in conical hoppers:
where C = 0.58, K = 1.5, F(0W, %) * 1.2, Pb = ps (1 - £) and 8 = 0.5; refer to chapter 2 
for details.
Similarly, for the “liquid-only” discharge from the hopper, uLo is calculated using:
(4.10b)
u u
WSo = C p bg 1/2 (D0 -  Kdp )5/2F(0 w , x ) (4.11a)
ULo =  4 W I .o  / p L  £mf 7 tD 02 (4.11b)
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The calculated values of the two empirical constants for the four experimental 
mixtures are shown in Table VI which shows a strong correlation between the values 
of the constants a, b and the particle terminal velocity.
The empirical relationships given by eqn. (4.10b) will be used in a Drift Flux type flow 
model in chapter 7 to relate the measured fractional liquid discharge, a , to the voidage 
profiles within the hopper and stand-pipe sections.
Comparing the values of the constant a, (= Us0 / ut ), for soaked peas with the food 
analogues, A, E and F, reveals clearly that the corresponding value for peas is very 
small, and this is due to its large terminal velocity. As the terminal velocity increases, 
the value of the constant, a is reduced. It is also clear that the greater the value of the 
empirical constant b, (which is equal to /n(uLo / uSo )), the smaller is the value of the 
“solid-only” discharge velocity, Us0 which is a function of both the solid density and the 
particle size; refer to Table II for comparison o f material properties.
4.6 DISCUSSION OF THE OBSERVED TRANSITIONS IN LIQUID VOLUME 
FRACTION IN DISCHARGE
In discharging coarse granular solid-liquid mixtures, substantial evidence is presented 
in this chapter that the solids discharge rate is affected significantly by the terminal 
settling velocity of the solid particles. As the terminal velocity of the solids increases, it 
becomes necessary to discharge the granular solid and liquid mixtures at increasingly 
greater rates to avoid significant settling of solids during the residence time of the 
mixture within the hopper and vertical stand-pipe system. Furthermore, the solid 
particle properties, particle size, shape and the relative density, which enter into the 
calculation of the terminal velocities, are shown to be the most significant in 
determining the flow regime transitions during steady discharge. The data presented 
for the three food analogues and the model food have demonstrated conclusively the 
individual effects of varying the three material properties independently.
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The liquid fraction in the mixture discharge will always be greater than 0.5 (i.e. “liquid- 
rich”) as long as a packed-bed flow regime can be maintained and significant settling of 
solid particles is avoided during transport. In contrast, a higher fraction of solids (> 
0.5, i.e. “solids-rich”) in the discharge is possible by allowing some particle settling 
during transport, this is made possible by reducing sufficiently the mixture discharge 
velocity. In further support of this argument, tomographic evidence will be presented 
in chapter 5 of the observed packed-bed to settling suspension transitions 
corresponding to “liquid-rich” and “solids-rich” mixture discharge rates respectively.
4.7 CO NCLUSIO N S
Three different solid food analogues and one model food were tested in a series of 
flow experiments in a model conical hopper and vertical stand-pipe system. The initial 
transient, the steady-state and the final transient stages o f the batch discharge could be 
distinguished. The mixture discharge rates were measured and the liquid volume 
fraction in the discharge at different mixture flow rates could be correlated with the 
mixture discharge velocity at the hopper orifice.
A working correlation is proposed involving two system dependent empirical constants 
which are shown to be functions of the “solid-only” and “liquid-only” discharge rates 
as well as of the terminal velocity of the particles.
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CHAPTER 5
INTERSTITIAL VOIDAGE MEASUREMENTS DURING 
DISCHARGE USING SCANNING GAMMA-RAY 
TOM OGRAPHIC
5.1 IN TR O D U C TIO N
Gamma-ray tomography is used as a non-invasive technique to investigate the two- 
phase flow behaviour of single or multi-component granular systems. The investigation 
of the voidage structure near the je t region of a fluidised bed and the effects of 
background fluidisation and particle shape on the dissipation of the gas momentum in 
this region were first reported by MacCuaig et al. [1985].
By using the same tomographic equipment, Seville et al. [1986] investigated the jet 
and the bubbling region of a fluidised bed above a multi-orifice distributor and 
determined the transition height between them. All the results were in good agreement 
with several previous theoretical predictions and other experimental methods.
More recently, Hosseini-Ashrafi and Tiiztin [1993a], have determined flowing voidage 
profiles in granular flows from model hoppers. In a series of start-stop flow 
experiments, consecutive scans were carried out at various heights of a hopper 
containing mono-sized and binary mixtures of particles. The experiments revealed a 
maximum value of voidage near the orifice propagating with time up the conical 
section of the hopper. The gamma-ray scans produced voidage values which showed
7 0
close agreement with published theoretical values, their transformation in polar co­
ordinates (both angular and annular) proved the axial symmetry inside the hopper.
The axial symmetry inside the hopper enabled the development of a new technique 
(Hosseini-Ashrafi and Tuztin [1993b]), which offers considerably faster scans without 
sacrificing the spatial resolution. The new technique employs single photon 
absorptiometric profiles across the hopper within a few seconds, retaining a spatial 
resolution of 1 mm necessary for quantifying the interstitial voidage, and consecutive 
transformation of the Cartesian data to polar co-ordinates resulting in a radial 
distribution of the density function. The main advantage o f this technique is that 
tomographic information can be extracted from the single profile measurements in a 
much shorter time period than that would be required for a complete planar scan.
5.2 D ESC R IPTIO N  O F T H E  y  - RAY T O M O G R A PH Y  APPARATUS
In a series of experiments involving discharge of solid-liquid mixtures from the model 
hopper, the interstitial voidage transients occurring in conical hopper and stand-pipe 
sections have been monitored as a function of the duration of discharge.
The parallel beam scanner employs six G d153 (gadolinium isotope of atomic mass 
number 153) emitted, parallel geometry photon beams in conjunction with six 
collimated Csl scintillation detectors fixed on a gantry with a circular opening that is 
placed around the object to be scanned; see Fig. 5.1. G d153 emits photons of 
predominantly 44 and 100 keV and has a radioactive half-life of 242 days. The high 
specific activity of the sources allows high photon fluxes.
Tungsten is used as the collimator material due to its high photon attenuation power as 
well as its favorable mechanical properties. The spatial resolution of the reconstructed 
images is governed mainly, but not totally, by the collimation width of the photon 
beams. Collimators with two different aperture widths (i.e. 1 or 2 mm) are used to scan 
3 mm thick cross-sectional slices of the model hopper.
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The attenuation data are obtained by scanning the bed and measuring the intensity of 
the transmitted beams. With the six source-detector system used here, each linear scan 
is performed in one sixth of the steps required with a single source and detector 
system, such as the one used earlier by Seville et al. [1986]. Furthermore, instead of 
rotating the object to be scanned through the beam (MacCuaig et al. [1985]), here the 
beams are moved laterally in steps of 1 or 2 mm, each followed by a rotation of 1.5 
degrees around the object, until a full 180 degree rotation is made. This results in the 
construction of a 155 mm square grid of 1 mm or 2 mm pixels, depending on the 
aperture width of the beam collimator used. Presently, the maximum diameter of the 
object that can be scanned is 150 mm. The shortest total scan time achieved is with the 
2 mm wide collimator aperture and is currently of the order of 90 s.
The versatility of the hopper rig ensures that scanning experiments can be run in one 
o f three modes: (i) Sequential scanning at different heights in “start-stop flow” mode 
to  maximise reconstructed image quality, (ii) Sequential scanning at a fixed height 
during continuous discharge to produce different time averaged voidage profiles, and 
(iii) Continuous discharge and simultaneous upwards hopper travel at a specified speed 
to match the flow velocity of the particles. This brings the particles moving at the same 
speed as the hopper travel to relative stagnation, and therefore into focus during 
imaging. Nikitidis et al. [1994] give examples of the types of data generated in the 
three operating modes. Most of the voidage data presented in this study were obtained 
with the scanner operating in the second mode.
A 2.2 m tall clear acrylic cylinder of 144 mm inside diameter is mounted on a conical 
hopper section of 30° half-angle and a 34 mm orifice diameter. The scanner is attached 
on a vibration-free stone table, and is therefore restricted to imaging on a fixed 
horizontal plane. To allow for scan at different heights, the model hopper is mounted 
on an aluminum frame which is driven by a com puter controlled stepping motor. A 
schematic diagram of the experimental rig is shown in Fig. 5.2. A hole in the stone 
table, which is in line with the central opening of the scanner gantry, allows the hopper 
to travel a vertical distance of about 0.85 m. The positioning of the hopper over this 
distance was reproducible to within ± 0.01 mm and the accuracy of the speed of travel,
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in the range of 0.1-3 mms'1, was better than ± 0.001 m m s'1. The outlet of the conical 
section is connected to a stand-pipe 34 mm in diameter used for retaining w ater 
control of the flow by preventing air from entering the system.
5.2.1 EXPERIMENTAL PROCEDURE
The procedure for the tomography experiments is very similar to the mixture discharge 
experiments described earlier in chapter 4. The flow is controlled by a water column 
which is kept to a constant level by a main water supply connected at the top o f the 
hopper. Since the attenuation coefficient of pure water and the nearly buoyant particles 
are very close to each other a small amount of potassium iodide, KI (2 % by weight to 
avoid particle floating) is added to the water as a contrast agent to improve the 
precision in the measurements. A very small amount o f dye is also added to monitor 
the penetration of the water column to the actual solid-liquid bed. In a series of 
experiments involving discharge of solid-liquid mixture (a solid-liquid bed consisting of 
60 % by weight solid) from the hopper, the interstitial voidage transients occurring in 
conical hopper and stand-pipe sections have been monitored as a function of the 
duration of discharge. Cross-sectional line profiles in the polar co-ordinate system of 
voidage were generated to within 1 mm spatial accuracy at various heights along the 
model silo.
5.3 THEORY OF GAMMA-RAY TRANSMISSION TOMOGRAPHY
5.3.1 HORIZONTAL PLANE DISTRIBUTION OF VOIDAGE AT HIGH SPATIAL 
RESOLUTION.
The technique used to measure the interstitial voidage in granular beds is based on the 
principle of transmitting low energy gamma-rays through the bed and recording the 
intensity of the attenuated incident beams with a photon detector. The attenuation 
coefficient depends on the density and the atomic number of the material being 
scanned, as well as on the energy of the incident radiation.
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The intensity of the transmitted beam, I, for each pencil photon beam seen in Fig. 5.1 is 
given by:
I = I 0 exp(-JSD(l(xy)ds) (5.1)
where I0 is the incident beam intensity and represents the linear attenuation 
coefficient o f the photon beam at position (x,y), and the integration is applied over the 
distance between the source and the detector, SD; refer to Fig. 5.3. Rearranging eqn.
(5.1), the ray-sum, X, is defined as the negative logarithm of the fractional photon 
transmittance of the object:
A complete set of ray-sums at a given angle (j) (i.e. a single projection of the object) is 
then obtained by defining a new frame (.x / )  where x' = x  cosij) + y  sin((>. The aim is 
then to recover the (x,y) values from the set of ray-sum projections measured at 
different values of the projection angle (j). Such an approach is called the "back 
projection technique," which is one of the techniques used in tomographic image 
reconstruction; (Seville e ta l. [1986]).
If the collimated beam thickness used in scanning is much smaller than the objects 
being scanned (i.e. the particles in this case), then it is possible to produce a 
photographic image which identifies the vessel walls, individual particle boundaries and 
the interstitial space between them as seen, in Fig. 5.4.
However, the above procedure does not allow the direct quantification of the 
interstitial voidage, 8, in the particle bed. To achieve this, an analytical procedure is 
necessary whereby the fractional solids content r\(Xty) of a single pixel within the 
tomographic image is calculated using:
f ii ( xd S J s d  p  (x,y )
(5.2)
7 4
Here jli^  represents the reconstructed linear attenuation coefficient value of the given 
pixel with the unknown solids content, and jxair and p*0ijd are the reconstructed linear 
attenuation coefficients of the air and solid filled pixels respectively. In gamma-ray 
transmission, the linear attenuation coefficient at a given discrete photon energy will be 
a strong function of the atomic number of the material's constituting elements as well 
as its solid density. If particles of the same solid material are used, then the attenuation 
coefficients will be linearly related to the bulk density of the particle bed which renders 
eqn. (5.3) valid analytically. In practice, jjuir and |is0iid values are determined by 
averaging the reconstructed attenuation coefficients of a representative set of pixels 
which are filled either totally by air or by solid, respectively. Both values, have 
therefore, associated standard deviations which, in turn, may affect the calculated p<x,y) 
values. Hosseini-Ashrafi and Tuztin [1993a and 1993b] report an accuracy of ±  1.5% 
o f the calculated solids fractions during tests conducted with "phantom" objects using 
the quantification technique described above.
The horizontal plane mean voidage measurements may result in the obstruction of 
certain features of the scanned object since the information in the plane perpendicular 
to the axis of scanning is averaged. For example, in the measurement of voidage 
profiles in granular flows, the information regarding the hopper wall and other effects 
(specially very localised phenomena such as channeling) may be partially or even 
totally lost. To overcome this problem the scanning procedure can be repeated at 
several small angle rotations around the object until sufficient data is collected for a full 
tomographic image reconstruction; (Brooks and Di Chiro [1976]). If on the other hand 
the averaging along a parallel geometry of effects of the type mentioned above can be 
accepted as part of the analysis, a single slice photon absorptiometric measurement can 
offer a much faster densitometric technique since only one profile needs to be obtained.
5.3.2 SINGLE LINE PHOTON ABSORPTIOMETRY ACROSS THE 
HORIZONTAL PLANE
The above procedure is too slow to provide rapid dynamic measurements of the 
voidage profiles in a continuously flowing system as the flow times available in the 
model hopper rig described above are of the order of several minutes and a number of 
scans have to be completed at different heights within this flow duration. Hence, a 
faster technique is needed that does not require the construction of a complete planar 
tomograph, as described above, but rather makes use of the radial transform of a line 
integral, which is obtained by single line photon absorptiometry.
The measurement of the intensity of a transmitted photon beam through an object can 
be used to determine the mean attenuation coefficient along the photon path, i.e.:
n  =  - / n ( l / I 0 ) / t  (5.4)
where t is the thickness of the object along the path and I0 and I are the incident and 
transmitted beam intensities, respectively. The mean linear attenuation coefficient of a 
material, p™, is a function of its elemental composition and density, as well as the 
energy of the incident photons. Using photons of the same energy and by ensuring the 
elemental homogeneity of the material under analysis, the solids fraction profile T|(x) 
along the given line is given by:
T |(x )= H .(x ) /j lm (5.5)
where p™ is the material linear attenuation coefficient and p(x) is the photon 
attenuation coefficient profile, Hosseini-Ashrafi and Tiiziin [1993a].
Fig. 5.5 describes the procedure of line data gathering where the scanner head is 
moved in steps of 1 - 2 mm in the y  direction and, to obtain values of p(x) along 
successive line paths, in the x- direction. If the values of the mean linear attenuation
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coefficients of the solid and fluid species are determined in a separate set of 
calibrations, then successive use of eqn. (5.5) will result in a line profile of voidage to 
be obtained across the flowing material bed. Each line scan takes about 10 - 20 s with 
this procedure that, allowing for about 26 lateral movement steps of the scanner head, 
results in a time-averaged line profile to be obtained in about 1 - 2  minutes. At any 
given height along the model hopper rig therefore, it is possible to obtain 2 - 3  
successive time-averaged voidage profiles during several minutes of continuous 
discharge in the flow experiments.
5.3.3 RADIAL VOIDAGE DISTRIBUTION FUNCTION.
If axial symmetry can be assumed within the flow field, then the profiles obtained for a 
complete tomogram should be identical and acquisition of more than one profile would 
not be necessary. In order to perform the necessary transformation from Cartesian to 
polar co-ordinates, the line integral F(x) given by eqn. (5.4) can be written as:
F ( x  ) =  F (r)d S  (5.6)
where F(r) is the radial density function; refer to Fig. 5.6. With the hopper radius taken 
as R , eqn. (5.6) can be rewritten as:
F ( x ) =  2 7 c F ( r > d r / ( r 2 -  x 2 ) 1/2 (5.7)
and it can be shown that the solution for F(r) is given by ;-
F ( r ) = - ( l / j c ) | rR F ( x ) d x / ( x 2 - r 2 )'/2 (5.8)
Eqn. (5.8) is also known as the Abel transform. Further details of this technique can 
be found in Hosseini-Ashrafi and Tiiziin [1993a and 1993b].
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5.3.4 TOM OGRAPHIC CALIBRATION OF GRANULAR SOLID-LIQUID 
MIXTURES
Since the solid densities of the extruded plastics used as food analogues are all quite 
close to that of water, as seen in Table II, it was necessary to alter the atomic number 
of the liquid phase by the addition of a trace quantity of KI (2% by weight) to the tap 
water in all the experiments to provide better image contrast and higher precision of 
voidage measurement. Greater concentrations of KI would enhance image contrast 
further; however this would also result in a significant increase in the density of the 
liquid phase resulting in the floating o f particles thus altering completely the physics of 
the flow system being investigated. A trace quantity of a dye was also added to the 
water to monitor the penetration of the water column above the solid-liquid bed into 
the flowing mixture during batch discharge of the hopper contents so that the 
tomographic scanning could be stopped before the KI solution was replaced by water.
The ray-sums given by eqn. (5.1) have been determined separately for i) KI solution, ii) 
a packed bed of granular solid-liquid of known packing fraction, and iii) the hopper 
wall material (i.e. clear acrylic).
The calibration coefficient for the line scans, K, could then be calculated using:
K = T|(FS -  Fw ) / (Fs -  Fc)  (5.9a)
where Fs , Fw and Fc are the measured ray-sums from the KI solution, the hopper walls 
and the liquid-granular solid bed respectively. The procedure was repeated at different 
packing fractions; 0.65 and 0.45 which resulted in a value of the calibration coefficient 
used above, K = -5.00 with an uncertainty of ±  5%. K is negative because Fc > Fs, see 
Figs. 5.6 (a) and (b). Figs. 5.6 (a) and (b) show the line distribution of the K values in 
loosely (r| = 0.45) and densely packed (r) = 0.65) beds respectively. With systems 
where there is a large density difference between the solid and fluid phases, the 
magnitude of Fs - Fc will be quite large resulting in much less uncertainty in K.
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However, with the nearly buoyant solid particles used in the current experiments, the 
fluctuations in K have a much more significant effect on the values of the calculated 
solid fractions. Based on these calibration results, therefore, it is not realistic to expect 
the in situ voidage measurements taken during the flow experiments to be significantly 
more accurate than ± 5 % ,  despite the favorable effects o f time-averaging. This result 
highlights the relative difficulty of measuring solid fractions and voidage profiles in a 
nearly buoyant granular solid-liquid mixture using what is essentially a densiometric 
technique. A novel technique known as dual photon tomography has been developed 
and tested recently by Nikitidis et al. [1995 and 1996], which makes use of the relative 
difference in constituent atomic numbers o f mixtures comprising materials of almost 
identical density to determine individual phase fractions thus eliminating some of the 
difficulties encountered in the present study.
After calculating the calibration coefficient, K, it was then possible to obtain the solid 
fraction o f a static or a flowing bed of a solid-liquid mixture, by rearranging eqn. 
(5.9a):
ti =  K  Fs ~ Fc (5.9b)
Fs -  F„
5.4 T O M O G R A PH IC  M EA SU REM EN TS
The first phase of the tomographic scans have concentrated on measuring the 
interstitial voidage profiles at different horizontal planes within the model hopper and 
the vertical stand-pipe sections, and comparing the data corresponding to i) static fill, 
ii) static bed after some flow, and iii) the time-averaged profile obtained over a certain 
time of continuous discharge. These runs were useful in establishing confidence in the 
reproducibility of the tomographic scans as well as providing valuable information 
regarding aspects such as i) asymmetry o f the flow field across the hopper and stand­
pipe sections, ii) the effect o f walls on the local values of the voidage, and iii) the 
differences between static, “start-stop” flow and continuously flowing values of the 
voidage profiles.
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The scans were taken at heights of 70 mm and 40 mm above the orifice, at the orifice 
itself, and at 20 mm and 100 mm below the orifice; refer to Fig. 2.1(b). Throughout 
the scanning, the mixture flow rates were kept constant, i.e. pseudo-steady state of 
discharge was maintained.
Fig. 5.8 compares for Material A the horizontal line profiles of solids fraction obtained 
within the stand-pipe at one orifice diameter below the hopper orifice; refer to the 
schematic in Fig. 4.2.
5.4.1 STATIC PROFILES
It is reassuring that the profile corresponding to the static fill prior to flow indicates 
higher solids fractions than those obtained later corresponding to flow, see Fig. 5.9. 
The static profile shows the highest degree o f perturbation locally and the greatest 
degree of asymmetry across the stand-pipe. Both o f these observations have perfectly 
good explanations:
a) It is difficult to fill the model hopper uniformly by pouring solids from the top and 
this is reflected in some degree of asymmetry apparent in the static fill.
b) The relatively large perturbations of the static profile is due to the fact that a bed of 
roughly 4 mm particles was scanned with 2 mm wide beams. Hence, when a 
significant amount of the beam is transmitted through solid particles fixed in space, 
local peaks result; correspondingly lack of solid material in the path of the 
transmitting beam results in local troughs. These perturbations are reduced 
significantly in cases where the particle size is smaller than the transmitted beam 
width; (Nikitidis et al. [1995]).
5.4.2 FLOW PROFILES
Also in Fig. 5.8, the profile of solid fraction corresponding to material which has been 
flowing for 2 minutes is compared with the time averaged flowing solid fraction profile
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obtained over 4 minutes of continuous discharge. Again, it is reassuring to observe that 
the solids fractions corresponding to both of these flow profiles are consistently lower 
than those measured in the static fill prior to the discharge. This means that an accurate 
quantitative measure of the bed dilation accompanying solids discharge could be 
obtained by comparing the static and flow profiles of solids fraction at different heights 
in the flow rig. Furthermore, compared to the static profile discussed above, the local 
fluctuations of the solids fraction in these flow state profiles are significantly smaller 
and so is the degree of asymmetry across the cross-section. The obvious explanation 
for this effect is that once the particles are set in motion under gravity, they are much 
more likely to arrange themselves with uniform interstitial void space and furthermore, 
the time-averaging will also help to enhance the smoothness of the solid faction profile, 
as seen clearly in Fig. 5.8. Another striking feature of the flow state profiles shown in 
Fig. 5.8 is that there is little difference between the solids fraction distribution in a 
static bed after a certain period of flow and that corresponding to a time-averaged 
profile obtained during continuous discharge. This lends further support to the "start- 
stop flow" observations obtained previously with air-borne systems (Hosseini-Ashrafi 
and Tiiziin [1993a] and Tiiziin [1979]) that once the static bed is set in motion for the 
first time, most of the dilation occurs and further stoppages or recommencements of 
flow cause little change in the packing state o f the solids.
5.4.3 REPRODUCIBILITY OF TIM E-AVERAGED PROFILES
Fig. 5.9 shows a comparison of the solids fraction profiles obtained by averaging over 
two consecutive 2 minute discharge periods at the same position as shown in Fig. 5.8. 
This result is very encouraging in that it establishes the reproducibility of the measured 
data to within ± 2%, which is considerably better than the first estimate based on the 
error associated with the determination of the tomographic calibration constant given 
in Fig. 5.7.
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5.4.4 DYNAMIC SCANS AT DIFFERENT HEIGHTS AND COMPARISONS 
W ITH STATIC PROFILES
Figs. 5.10 (a) to (h) show the static and dynamic time-averaged profiles of solid 
fraction of Material A at 1 orifice diameter above the hopper orifice, at the plane of the 
hopper orifice, and 1 and 5 orifice diameters below the orifice within the vertical stand­
pipe, respectively. The corresponding radial solids fraction distributions using the Abel 
transform technique described above are also presented for comparison. The most 
important outcome of this set of results is that the extent of dilation accompanying 
flow appears to be more or less independent of height and horizontal position along the 
flow rig. This result is much more visible with the radial distribution functions 
obtained. It is suggested that all of this is strong evidence that the flow fields set up 
within the hopper and the vertical stand-pipe are essentially free of any oscillatory and 
unsteady affects once continuous discharge is established resulting in a steady mixture 
discharge rate; for details of the mixture discharge rate measurements refer to chapter 
4.
5.5 TIME - AVERAGED SOLIDS FRACTION PROFILES AT DIFFERENT 
DISCHARGE RATES
After the opening of the hopper orifice to commence discharge, a period o f initial 
transient is observed during which the total mixture discharge rate, Wmix and the liquid 
fraction in the discharge, a  = WL / Wmix vary with time; see chapter 4 for details. By 
adjusting the mains inlet water pressure at the top to achieve a required mass discharge 
rate, it is possible to achieve a steady mixture discharge rate and a constant value of a  
for several minutes of discharge once the initial transient is complete.
The horizontal line profiles of solids fraction seen in Figs. 5.11 and 5.12 were obtained 
by scanning at different heights during continuous discharge when both the mixture 
discharge rate, Wmix> and the liquid fraction in the discharge, a , were kept constant. 
Each profile represents the mean of three consecutive scans taken during steady-state
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discharge at different heights within the hopper and the vertical stand-pipe sections. In 
Figs. 5 .11(a) to 5.11 (j) the profiles for Material A obtained at a low mixture discharge 
rate, Wmix = 0.10 kgs'1, are compared with those measured at five times this mixture 
flow rate. Figs. 5.12(a) to 5.12(j) compares the profiles of Material F obtained over 
about a two fold change in the mixture flow rate. The most obvious feature of these 
data is the effect that the change in the mixture discharge rate has on the values of 
flowing solids fraction obtained at the vicinity of the hopper orifice both in the hopper 
and the stand-pipe sections.
In order to produce profiles of the variation of the flowing solids fraction over the M l 
height of the hopper and the stand-pipe sections, a cross-sectional mean value was 
taken from each of the profiles seen in Figs. 5.11 and 5.12. The cross-sectional mean 
values at different heights were calculated by ignoring data within two particle 
•diameters of the walls, which is believed to represent the boundary layer flow that is 
affected significantly by wall friction; Nedderman et al. [1980]. Investigation of the 
effects of wall friction could be the subject of a useful further study.
5.6 VERTICAL VARIATIONS OF MEAN FLOWING VOIDAGE AT 
DIFFERENT MIXTURE DISCHARGE RATES
Figs. 5.13 and 5.14 show the vertical variations of the flowing voidage at two different 
steady-state mixture discharge rates for Materials A and F  respectively. Using the data 
provided in Table V from the fluidisation studies, it is possible to mark on these graphs 
the value of the incipient (i.e. minimum) fluidisation voidage thereby separating the 
regions of the flow fields within the hopper and stand-pipe sections into respective 
packed-bed and suspension flow regimes. This results in two general observations at 
this stage:
i) The packed-bed to suspension flow transitions occur within a region 2-3 orifice 
diameters above and below the plane of the hopper orifice, which marks the 
geometric transition from a conical hopper to a cylindrical stand-pipe. Higher up in
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the conical hopper and at a sufficient distance down the stand-pipe, the packed-bed 
flow condition is maintained.
ii) Two flow regime transitions occur: First, from a packed-bed to a suspension, as 
the mixture flows out of the conical hopper and into the vertical stand-pipe, and 
second, from suspension back to the packed-bed state, as the settling solid particles 
pack much more closely further down the stand-pipe. These transitions are 
■ observed to become more abrupt and to be confined to the immediate vicinity of 
the hopper orifice as the mixture discharge rates are increased. At low flow rates, 
the suspension flow can exist over considerable distances within the hopper and 
along the vertical stand-pipe.
The significant effect of the mixture discharge rate on the position of the flow regime 
transitions sets these results in remarkable contrast to the assumptions made in 
previous theoretical models (Mills Lamptey and Thorpe [1991]) for gas-solid systems 
discussed in chapter 2 that consider the flow regime transitions to be entirely due to 
vessel geometry. The results presented here with different solid materials are markedly 
different even though the discharge vessel geometry was kept the same in all the runs.
5.7 CALCULATION OF NORMALISED MEAN SLIP VELOCITY AT 
DIFFERENT HEIGHTS
Defining a slip velocity (relative velocity) between the liquid and solid phases:
Au = u L - u s (5.10)
where uL and us represent the plane-mean values of the liquid and solid phase velocities 
at any given height which follow from eqns. (4.6) and (4.7).
It is now possible to relate the relative slip between the phases at different points 
within the hopper and the stand-pipe by writing a relationship between the normalised 
slip velocity which is defined as (uL - U s ) / u L and the plane-mean voidage, 8, which is a 
function of the height within the vessel.
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Combining eqns. (4.4b to 4.7 and 5.10), it is possible to develop an expression for the 
normalised plane-mean slip velocity as a function of plane-mean voidage, £, at any 
height within the flow field and the liquid volume fraction in the discharge, a :
Here it is important to note that, while a  is constant at steady state for a given value of 
the discharge rate, the voidage, 8, varies with position within the flow field, and the 
effects of wall friction in the calculation of the mean slip velocities at different heights 
within the flow rig has been ignored.
Substituting the values of voidage in eqn. (5.11) from the experimental tomographic 
profiles shown in Figs. 5.13 and 5.14, it is possible then to produce height profiles of 
the plane-mean values of the normalised slip velocity for these different flow fields.
Figs. 5.15(a) and 5.15(b) show the vertical variations in the normalised mean slip 
velocity with respect to height within the hopper and vertical stand-pipe sections for 
Materials A and F respectively. The negative values of the slip velocity indicate settling 
of the solid particles relative to the liquid and the positive values indicate the 
downward percolation of the liquid through the solids bed. Au = 0 is the no-slip flow 
condition, which is equivalent to a non-settling suspension. Visual inspection of the 
profiles seen in Figs. 5.15(a) and 5.15(b) indicates a number of important features of 
the flow behaviour of the granular solid-liquid mixtures:
i) The transition from a packed-bed to a settling suspension occurs above the plane of 
the hopper orifice and within the conical hopper in all cases, with the transition 
plane moving down the hopper as the mixture discharge rate is increased. 
Interstitial pore pressure profiles are presented in chapter 6 for Material E, they 
show that in certain cases the plane of transition from packed-bed to suspension
(5.11)
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flow can even be below the plane of the hopper orifice and well within the stand­
pipe; Faderani e ta l. [1996b]
ii) The values of interstitial voidage corresponding to the no-slip (non-settling) 
suspension condition are much higher than the minimum fluidisation voidages 
measured in the fluidisation experiments; refer to Table V. Hence, the demarcation 
between the packed-bed and suspension phases can not be identified precisely in 
terms of the incipient fluidisation voidage as was indicated previously in Figs. 5.13 
and 5.14.
iii) The maximum value of the normalised slip velocity in a settling suspension appears 
to be of the order of -1.5, which should not exceed the value of the free fall 
velocity of the solid particles. This is tested below.
5.7.1 COMPARISON OF MAXIMUM SETTLING VELOCITY WITH TERMINAL 
VELOCITY OF PARTICLES
Table VII compares the settling velocities calculated from eqns. (4.7 and 5.11) with 
the independently determined terminal velocity values for Materials A and F 
respectively. Clearly, the agreement is good providing strong confidence in the 
accuracy of the interstitial voidage determinations using the tomographic scanner 
facility.
5.8 DISCUSSION OF IMPLICATIONS OF TOMOGRAPHIC 
MEASUREMENTS
The tomographic data of the flowing voidage profiles obtained during steady-state 
discharge of coarse granular solid-liquid mixtures have revealed clear and indisputable 
evidence of a strong correlation between solid material properties, such as particle 
relative density, particle size and shape (visa vi terminal velocity) and the packed-bed 
to suspension flow transitions observed in hopper and stand-pipe flows. This hitherto 
unavailable information challenges the assumptions made in previous theoretical 
treatments (Ginestra et al. [1980], Chen et al. [1984] and Mills Lamptey et al. [1991])
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that ignore particle properties completely and allow for a packed-bed to suspension 
transition at the plane of the hopper orifice irrespective of the mixture discharge rate; 
refer to chapter 2.
These dynamic voidage measurements revealed a zone of high voidage above and 
below the plane of the orifice which suggests there is a transition from packed-bed to 
settling suspension in the hopper and vice versa in the stand-pipe for different mixture 
discharge rates. The transition region within the conical hopper section was found to 
move closer to the hopper orifice with increasing mixture discharge rate.
With these new data on flowing voidage profiles, it is now possible to advance much 
more accurate mathematical models to explain the variation of discharged liquid 
fraction, a ,  with the mixture discharge rate on the basis of predictions of packed-bed 
to suspension flow transitions that vary with a number of key solid particle properties. 
The exact mathematical nature of the relationship between the solids terminal velocity, 
mixture discharge rate and the corresponding liquid fraction in the discharge is 
investigated in chapter 7 by adopting Wallis' [1969] Drift Flux Model for a co-current 
downward flow of solids and the liquid. Furthermore, the flowing voidage data 
obtained with tomographic measurements are also used to predict the interstitial pore 
pressure profiles obtained with different materials at different discharge rates, refer to 
chapter 6 for details.
Perhaps the most important outcome of the tomography experiments is the result that 
with nearly-buoyant particles, the packed-bed and suspension transitions are far more 
gradual than observed previously in pneumatic systems (Ginestra et al. [1980] and 
Chen et al. [1984]) and much more sensitive to the variations in relative particle 
density, particle size and shape, which all strongly affect the particle terminal velocity.
It is quite encouraging indeed that even a simple analysis based on plane-mean voidage 
data and the assumption of uniform slip velocities across the flow field could predict so 
much of the essentia 1 features of the physical model which is used to explain the
87
observed variation of the liquid fraction in the coarse granular solid-liquid mixture 
discharge. Extension of the mean-field model to more refined physical models is 
believed to require simultaneous and independent measurements of the particle velocity 
fields alongside the cross-sectional voidage profiles obtained in tomographic scans. 
This will then allow a more exact functional form (instead of drift fluxes) for coupling 
solids and liquid motion within the mixture flow fields as well as allowing for effects 
such as wall and inter-particle friction to be incorporated directly; see Wallis [1969] 
and Faderani, et al. [ 1996b] for further details.
5.9 C O M PA R ISO N  O F EX PER IM E N T A L  V O ID A G E PR O FIL ES W ITH  
L IT E R A T U R E
The first ever direct measurements of dynamic voidage profiles of a solid-liquid 
mixture discharging from a hopper through a stand-pipe are reported here for liquid- 
borne systems. All previously reported measurements were made with gas-borne 
systems. These are discussed in detail in chapter 2 where an extensive literature survey 
is presented.
More recently Thorpe [1992] suggests, based on the measurements by Fickie et al. 
[1989] of the density of a granular material flowing through a wedge-shaped hopper or 
bin under the influence of gravity, that there is a decrease in the bulk density of the 
flowing material which starts well above the orifice and proceeds continuously through 
the exit and down into the free falling jet of particles below. This in turn suggests that, 
there is no discontinuity in voidage, which results in no discontinuity in the stress and 
velocity fields within the hopper. These earlier observations appear to be well 
supported by the experimental measurements of flowing voidage presented in this 
chapter.
5.10 CONCLUSIONS
The interstitial voidage profiles at different horizontal planes within the hopper and 
vertical stand-pipe sections were measured and compared with the data corresponding 
to i) static fill ii) static bed after some flow, and iii) the time-averaged profiles is 
obtained over a certain time of continuous discharge. These results are encouraging in 
that they establish confidence in the reproducibility of the measured data to within 
± 2 %.
The plane-mean values of the flowing voidage were calculated at different heights, and 
the resulting vertical profiles of the plane-mean voidage obtained with three different 
food analogues were found to reveal hitherto unavailable and highly significant new 
information about the transitions accompanying flow between the packed-bed and 
settling suspension states as a function o f the mixture discharge rates and particle 
properties.
These results were subsequently incorporated into simple mean-field models which 
were used to calculate slip velocities of the particle phase, and are furthermore used to 
calculate the interstitial pore pressures due to the fluid phase, as described in chapter 
6 .
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CHAPTER 6
INTERSTITIAL PRESSURE PROFILE MEASUREMENTS DURING 
MIXTURE DISCHARGE
6.1 INTRODUCTION
Three different solid-liquid food analogues and one model food were used in a series of 
flow experiments in a model conical hopper and vertical stand-pipe system. The 
differential pore pressures set up during flow along the hopper and stand-pipe walls 
were measured with the use of pressure tappings connected to a high precision digital 
manometer. The results of the experimental measurements are compared in this chapter 
with appropriate theoretical predictions.
6.2 DESCRIPTION OF THE APPARATUS
The experimental apparatus has been described in chapter 4. All the pressure tappings 
were connected to the differential pressure transducer via a multi-channel U-tube 
manometer. The signal from the pressure transducer was amplified before being 
received by a chart recorder.
6.2.1 EXPERIMENTAL PROCEDURE
If a vessel is closed to atmosphere above and the orifice in its base is open to 
atmosphere, a negative gauge pressure, or an absolute pressure less than atmospheric 
pressure, will develop at all points above the orifice in the vessel. Nevertheless, at all 
points the total energy or total head (sum of its potential energy, due to its elevation
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above an arbitrary datum, and its pressure energy, due to the weight of the liquid 
above it) will be equal to zero and there will be no flow. If a constant, small air flow or 
liquid flow is admitted to the vessel, flow will commence as the pressure head 
increases everywhere within the vessel. Thus, if the vessel is open to the atmosphere, 
the potential energy and the pressure energy are greater than zero at all points within 
the liquid. This is because, the potential energy increases linearly with height in the 
vertically upwards direction while the pressure energy, or the pressure head, decreases 
linearly.
In all the experiments, the hopper used was closed to the atmosphere. The flow was 
considered to have achieved steady state when the differential pressure, and 
consequently the flow rates remain constant. The differential pressure, AP is measured 
between the successive neighbouring pressure tappings placed on the hopper and the 
stand-pipe walls at points close to the hopper orifice, see Fig. 2.1(b). As the change in 
pressure due to hydrostatic head (i.e. pgh) is excluded, the differential pressure 
represents changes of pore pressure due to kinetic and frictional effects only. The term 
‘differential pressure’ has been referred to as a ‘pressure drop’ and ‘pressure increase’ 
by other workers such as de Jong [1969], Thorpe [1984] and Mills Lamptey [1988].
A highly accurate analogue pressure transducer (sensitivity = ± 0.18 mmH20 )  was 
used to monitor the pressure drop across the orifice and along the stand-pipe. The 
signal from the pressure transducer was amplified and recorded by a chart recorder. 
The calibration of the transducer was essential so as to relate the displacement on the 
chart recorder to a pressure difference. The initial calibration involved setting the zeros 
and establishing the pressure range of the full scale deflection of the chart recorder 
pen. Pressures were measured at tappings placed between a height of 70 mm above the 
hopper orifice down to a distance of 204 mm along the stand-pipe section below the 
hopper orifice; see Fig. 2.1(b).
When the hopper was closed to atmosphere and the orifice at the bottom was opened, 
no flow of material out of the hopper was observed, i.e. the solid discharge rate, Ws 
= 0. At this stage the pressure within the hopper is negative and equal to the
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hydrostatic vacuum -pgh. There is no flow because the surface tension of the liquid 
bridges between the particles at the orifice prevents both the outside air from entering 
the hopper and the particle on the lower surface from falling away. However, if the 
surface tension forces are overcome, the air ingress causes small amounts of material 
to be discharged intermittently as drips. This arises because the air-water interface is 
unstable, thus resulting in slight differential pressures over the surface, consequently 
allowing the outside air to ingress into the hopper, displacing some water. As this 
occurs, the surface becomes more and more unstable and gurgling takes place. 
However, if the water-filled hopper is placed over a water-water interface (with outlet 
immersed in water) the water in the hopper remains in it. This is because the 
w ater-water interface is metastable and the outside air cannot get in. When the 
material is forced out of the hopper by imposing a driving force, the recorded 
differential pressure is used to calculate A P.
The pressure profiles presented below represent the steady state flow condition, i.e. 
when neither the pressure profiles nor the discharge rates vary with time.
6.3 EX PER IM EN TA L RESULTS
The steady state interstitial pressure profiles presented in Figs. 6.1 (a) and (b) are very 
similar to the profiles reported by Chen et al. [1984] for the pneumatic conveying of 
fine sand in vertical stand-pipes in Figs. 6.1(c) and (d).
The general feature of the pore pressure profiles obtained with different materials at 
different mixture discharge rates is the apparent change in the sign of the pore pressure 
gradient as the material flows out of the hopper orifice and into the stand-pipe. Within 
the conical hopper, the pore pressures are observed to become increasingly negative as 
the mixture approaches the hopper orifice. A sudden transition occurs in a region close 
to the orifice as indicated by a change in the sign of the pore pressure gradient, which 
results in a recovery of the pore pressure as the flow continues down the stand-pipe. 
The location of the transition plane of the pore pressure profiles vary with both the 
magnitude of the mixture discharge rate and the terminal velocity of the solid particles
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used. This is in strong agreement with the correlation discussed in chapter 4 between 
the normalised mixture discharge velocity and the discharge liquid fraction. 
Furthermore, there is reason to believe that the particle shape can significantly alter the 
position o f the packed-bed, suspension transition. Experimental measurements with the 
cylindrical particles (Material E) have shown the transition plane to move into the 
stand-pipe at sufficiently high mixture flow rates, see Fig. 6.1(a). Similar results were 
also obtained with soaked-peas, which have a 13% higher solid density than the food 
analogues.
6.4 INTERSTITIAL FLUID PRESSURES IN PACKED-BED FLOW
The discharge of solid-liquid mixtures from the hopper is based upon a force and 
energy balance. The experimental verification involves measurement of the liquid 
pressure at several points on the wall of the conical hopper and stand-pipe, close to the 
discharge orifice and remote from the orifice.
Flow of the liquid through a packed bed of solid materials and through the orifice 
results in energy losses due to friction. These frictional losses, and the kinetic energy 
gained by the moving mixture, results in reductions in liquid pressure, to maintain the 
overall energy balance as prescribed by Bernoulli Equation, see chapter 2.
Let us consider the energy balance for the interstitial fluid; (i.e. Bernoulli Equation, 
eqn. (2.12)) energy per unit mass of the interstitial fluid:
( P / p )  + ( uL2/2  ) + g r = constant + frictional losses (6.1)
The frictional losses in eqn. (6.1) are assumed to be dominated by percolation of the 
liquid through the particles and can therefore be evaluated in terms of a pressure 
gradient.
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The pore pressure gradients associated with the flow of a particulate bed is related to 
the particle size, the bed voidage and the viscosity and density of the fluid according 
to:
150(u l  - u s ) ( l - e ) 2n < 1.75pL(uL —us )2( l - e ) (6.2)
which is the Ergun equation, (refer to chapter 2). Here, the first term is also known as 
the Carman-Kozeny equation which considers only the viscous drag effects that are 
significant in laminar flow. The second term considers the inertial contribution 
associated with the interstitial fluid flow where the compressibility of the fluid is 
important. In dealing with liquids, interstitial fluid compressibility is small and the 
values of the particle Reynolds number lie in the laminar range. The Carman-Kozeny 
equation ( i.e. the first term of eqn. (6.2)) shows that the pore pressure gradients are 
linearly proportional to the magnitude of slip, and inversely proportional to the square 
of the particle size. The dependence on the value of voidage is much more significant 
(i.e. £5 ). Hence the measurements of the differential pressure profiles along the hopper 
are expected to be a good indicator of the values of interstitial voidage that might be 
expected inside the hopper.
Comparisons of theoretical pore pressures calculated using the Ergun equation with 
the direct experimental profiles can help to identify regions of packed-bed flow within 
the hopper and stand-pipe rig as well as provide an independent verification of the 
accuracy of the tomographic measurements of voidage presented in Faderani et al. 
[1996a] and in chapter 5.
6.5 ERGUN EQUATION MODIFIED FOR RADIAL FLOW
Mills Lamptey and Thorpe [1991] have produced a derivation of the pore pressure 
profile in solid-liquid mixture flow in a conical hopper by coupling the Ergun equation 
with a radial velocity field and an assumption of constant voidage within the hopper,
see eqn. (2.40). From consideration of the hopper geometry shown in Fig. 2.1(b), it 
follows that:
u s = ----------------------   (6.3a)
27tps ( l - e ) r  ( l - c o s 0 w)
and
w >________  (6.3b)
11L =  ---------------- }-------------------------
27CpLer  (1 -  cosG w )
Insertion o f eqns. (6.3a) and (6.3b) into eqn. (6.2) above and after further manipulation 
results in:
d P  2 p , z  * 2 p L z * 2 f d8 ' ' \  s , f  z * a * \ ( 1 — e
+ J l — J (6.4)
s 2p L ( z *  a * Y ( l -  e
r v e  l - e y  v e 
where
a* =
W
P S 2 7C (1 -  c 0 s 0 w )
a n d
W
p L 271(1 -  COS0 w )
1 5 0  p a n d s-> =
1 . 7 5
Therefore, integrating eqn. (6.4) from orifice (rD) to some general point (r), to give the 
interstitial fluid pressure profile.
It is important to note that the derivation of eqn. (6.4) is based on the assumption of 
radial flow and stress fields, which is valid only over a small region above the hopper 
orifice, (Nedderman [1992]).
Eqn. (6.5) is used to generate the fluid pressure gradients within a height of two 
orifice diameters inside the conical hopper, using a range of values of packed-bed 
voidage for comparison with the experimental pressure profiles described below.
Figs. 6.2(a) and (b) compare the predictions based on the integration of eqn. (6.5), 
between the orifice of the conical hopper and up to a radial distance of nearly two 
orifice diameters above the hopper orifice, with the experimental interstitial pressure 
profiles obtained in a number of flow experiments. The theoretical assumption here is 
that o f a packed-bed of particles at constant voidage through which the liquid 
percolates. Comparison of the measured and predicted profiles reveals reasonable 
agreement only when values of the voidage close to the minimum fluidisation value are 
used in the calculations, see Table V.
Furthermore, to account for the changes observed in the gradient of the experimental 
pore pressure profiles, it becomes necessary to incorporate an explicit height profile of 
voidage within the hopper into eqn. (6.5) above which a numerical solution would be 
required. This could be facilitated by the use of the experimental voidage profiles 
generated in the tomographic measurements discussed in chapter 5. Here, the 
predictions of packed-bed pore pressures using only the constant (i.e. height 
independent) values of the interstitial voidage in eqn. (6.5) are considered.
In Fig. 6.2(a), the experimental pressure profile lies close to the theoretical predictions 
for e = 0.5. In Fig. 6.2(b), the experimental pressure profile lies between the theoretical 
predictions for 8 = 0.4 and 8 = 0.5; this is apparently incompatible with the 
experimental voidage profile shown in Fig. 5.13, in which the voidage rises above 0.5 
in the region ± 50 mm from the orifice plane (i.e. the interval over which eqn. (6.5) has 
been integrated). Both the tomographic voidage profile data, seen in Fig. 5.13 and the 
pore pressure profiles in Fig. 6.2(b) suggest that a transition has taken place from a
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packed-bed to a settling suspension by virtue of the observed discontinuous change in 
the sign of the slope of the profiles. Within the stand-pipe section below the hopper 
orifice, the measured gradients of the pore pressure profiles therefore could be 
compared only with the predictions based on the assumption o f a settling suspension.
6.6 INTERSTITIAL FLUID PRESSURES IN SUSPENSION FLOW
In a settling suspension, some of inter-particle contacts are broken as particles are 
allowed to accelerate relative to the fluid. According to eqn. (6.1), in the absence of 
significant frictional losses due to particle contacts, the kinetic losses will be 
predominantly responsible for the dynamic pore pressure gradient, (i.e. AP«(AuL2/2)). 
This explains the negative slope of the gradient of the differential pore pressure profiles 
seen in Figs. 6.2(a) and (b) as the particles continue to accelerate relative to the fluid.
The particles in an incipiently settling suspension system are entirely supported by the 
fluid, hence:
- AP A = Ms (P l - Ps )g /  Ps (6.6a)
where A = cross-sectional area of bed,
Ms = mass of particle in bed,
AP = pressure drop.
This relation can also be written in the form:
- (AP /  H) = (pL - ps) (1 - e)g (6.6b) 
where H = height of the bed.
The validity of the eqns. (6.6a) and (6.6b) has been verified experimentally by Wilhelm
and Kwauk [ 1948], Johnson [ 1949] and Lewis et al. [ 1949].
The value of the interstitial voidage appropriate in eqn. (6.6b) is the one corresponding 
to the minimum fluidisation or the zero slip condition. In chapter 5, the height profiles
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of the plane-mean voidage determined by tomographic scanning have revealed “zero- 
slip” voidage values in excess of the independently measured minimum fluidisation 
voidage; refer to Figs. 5.13 and 5.14.
Table VIII compares the “zero-slip” voidage values for a settling suspension with the 
minimum fluidisation values for a number of mixture discharge experiments. This is 
perhaps not altogether surprising as the fluidisation experiments require a counter- 
current flow of the interstitial fluid whereas in the hindered settling regime observed in 
the mixture discharge experiments involved co-current flows of particles and the fluid. 
The influence of the fluid flow direction on the magnitude of the drag force on the 
particles has been observed by others, but not fully accounted for to date; see for 
example, Clift et al. [1978]. In calculations of interstitial pressure profiles, the values 
of voidage corresponding to the “zero-slip” condition were used where the 
tomographic data was available. Otherwise, the profiles were generated using the 
minimum fluidisation voidage values.
6.7 EXPERIMENTAL PORE PRESSURE PROFILES DURING HOPPER AND 
STAND-PIPE DISCHARGE
Figs. 6.3 to 6.5 compare the experimental dynamic pore pressure profiles in the hopper 
and stand-pipe sections with the theoretical predictions based on eqns. (6.6a) and 
(6.6b).
6.7.1 EFFECT OF MIXTURE DISCHARGE RATE
Differential pore pressure profiles have been measured with soaked peas and a number 
o f food analogues, Material A, E and F; refer to Table II for material properties. The 
experimental measurements were repeated four times over a range of mixture 
discharge rates between 0.05 - 0.5 kgs'1. The mean values of the differential pore 
pressure measurements were calculated with an error of ±  10 - 15 % from a statistical 
analysis of the measurements obtained at different runs and are also shown as error 
bars in Figs. 6.3 to 6.5.
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Figs. 6.3(a) to (c) compare the differential pore pressure profiles obtained at increasing 
mixture discharge rates with Material A.
The effect of the increase in mixture discharge rate on the differential pressure gradient 
is very significant within the stand-pipe section while the profiles obtained within the 
conical hopper section are not markedly different even though the negative pore 
pressure maxima measured in the vicinity of the hopper orifice increases nearly 30 
folds with a 9 fold increase in mixture discharge rate.
The experimental profiles seen in Figs. 6.3(a) to (c) were compared with predictions 
based on the use of the Ergun equation modified for radial flow in the conical hopper 
section, see eqn. (6.5). Here the predictions based on the use of three or four different 
values of constant interstitial voidage close to the independently measured values of 
the incipient fluidisation voidage are given in Table V.
The agreement between the theoretical curves corresponding to the value of voidage £ 
= 0.49 and the experimental data measured within the conical hopper is good for all 
three discharge rates. The value of voidage 8 = 0.49 agrees remarkably well with the 
independently measured minimum fluidisation voidage shown in Table V. However, 
there is also evidence in the experimental data of the voidage being lower ( i.e. 
8 ~ 0.45) higher up in the hopper as well as being higher (i.e. 8 ~ 0.52) at, or 
immediately below, the orifice plane. This is also in complete agreement with the 
tomographic measurements of the interstitial voidage; see also Fig. 5.13.
The measurements of the dynamic pore pressures along the stand-pipe section were 
compared with the theoretical lines corresponding to an incipiently settling suspension 
using a value of voidage equivalent to the zero-slip condition, (see chapter 5) in eqn. 
(6.6b). The sharp transition between the packed-bed to suspension regime is allowed 
to take place at the orifice plane. This is not necessarily true in all cases as is revealed 
in the pore pressure data presented in Figs. 6.3 to 6.5 with different materials at
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different discharge rates. In general, both the position and the size of the transition 
region is a function of the material properties, which will be discussed further below.
In comparing the theoretical with experimental data in the stand-pipe section of Figs. 
6.3(a) to (c), the settling of particles relative to the downward flow of the liquid 
becomes less and less appreciable as the mixture discharge rate is increased from 0.05 
kgs'1 up to 0.45 kgs'1. In Fig. 6.3(c), the on-set o f particle settling is believed to occur 
at about 3 to 4 orifice diameters below the hopper orifice while in Figs. 6.3(a) and (b) 
the particles are seen to settle immediately below the orifice plane. Good agreement 
between theory and experiment is observed only in Fig. 6.3(b) where near incipient 
settling condition is achieved below the hopper orifice. A t a lower discharge rate (i.e. 
Fig. 6.3(a)) the settling rate of the particles is seen to be much faster than predicted by 
the assumption of incipient settling condition. Finally, no particle settling is observed 
below the hopper orifice in Fig. 6.3(c) which suggests the extension of the packed-bed 
flow regime into the stand-pipe.
6.7.2 EFFECTS OF PARTICLE DENSITY AND PARTICLE GEOMETRY
In Figs. 6.4(a) and (b), the dynamic pore pressure profiles of Materials E and F are 
compared at the same mixture discharge rate. The two sets of data seen in Figs. 6.4(a) 
and (b) are remarkably different. In Fig. 6.4(a), the packed-bed to settling suspension 
transition of Material E is believed to take place well within the stand-pipe while in 
Fig. 6.4(b), the transition of Material F occurs in the vicinity of the hopper orifice. 
Furthermore, there is evidence here of a significant expansion of the packed-bed of 
Material E (Fig. 6.4 (a)) in the hopper while no such expansion is apparent for Material 
F (Fig. 6 .4(b)).
However, at a mixture discharge rate almost 4.5 times greater in Fig. 6.4(c), the pore 
pressure profile for Material F becomes similar to the pore pressure profile of Material 
E seen in Fig. 6.4(a). This result is explained by comparing the terminal velocities of 
Materials E and F, given in Table V; Material F has a 3 - 4 fold greater terminal 
velocity resulting from its larger relative particle density (~ 6.5 % greater than Material
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E). Thus the greater terminal velocity of the Material F necessitates greater discharge 
rates if significant settling is to be avoided. It is also significant that changes in relative 
density between the particles and the liquid by as little as 5 % could account for 
appreciable differences in the flow regimes apparent within the hopper and the stand­
pipe at a given mixture discharge rate.
Material E is cylindrical with an aspect ratio approaching 2 : 1 whereas Material F  is 
slightly less spherical than Material A; see Table II. In comparing Figs. 6.3(b), 6.4(a) 
and 6.4(b), it is possible to detect the effects of both the change in particle density and 
in particle shape on the nature of the flow regime transitions occurring at the same 
mixture discharge rate. Material F gives rise to the most significant settling followed by 
Material A, while no significant settling is observed with Material E.
6.7.3 PORE PRESSURE PROFILES OF SOAKED PEAS
Fig. 6.5 shows a typical pore pressure profile for the discharge of soaked peas. There 
is significant settling of the peas even at a mixture discharge rate of 0.4 kgs'1. This 
result is explained by their much larger size and relative particle density compared to 
the three analogues considered above; see Table II.
To avoid settling of peas, it would be necessary to discharge mixtures at rates much 
higher than 0.4 kgs'1. However, this could not be achieved with the existing facility as 
significant choking of the stand-pipe prevented steady discharge rate measurements. 
Evidence of choking is apparent to some extent in Fig. 6.5 as the pore pressure rises 
above atmospheric pressure at about 200 mm down the stand-pipe; a phenomenon 
which is not observed in the measurements on the analogues.
6.8 CONCLUSIONS
The profiles of pore pressure measured along the hopper and stand-pipe walls during 
steady discharge agree well with the observed flow regime transitions and the changes 
in the liquid content of the discharge. The values of pore pressures corresponding to
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the packed-bed flow regime were compared with the predictions based on a modified 
form of the Ergun Equation first proposed by Mills Lamptey and Thorpe [1991]. The 
interstitial fluid pressures measured in the suspension regime were also compared with 
the theoretical predictions corresponding to the incipient settling condition. Good 
agreement is reported in both regimes when the transition from packed-bed to settling 
suspension occurs at the vicinity of the hopper orifice, and only when the value of 
interstitial voidage used in theoretical equations is equal to or greater than the 
minimum fluidisation voidage.
U pon increasing the mixture discharge rate, the negative pore pressure in the hopper 
section increases suggesting that the packed-bed regime extends further towards the 
hopper orifice. Along the stand-pipe, the recovery of the negative pore pressure ensues 
as particles settle through the liquid. At low mixture discharge rates (Fig. 6.3(a)), the 
recovery of the negative pore pressure is fast due to particle settling but as the mixture 
discharge rate is increased, there is less particle-settling resulting in a much slower 
recovery of the negative pore pressures; see Fig. 6.3(b). In some cases, (Fig. 6.3(c)), 
no recovery of the negative pore pressure is observed along the stand-pipe which 
suggests that a packed-bed through which the liquid is percolating is extended into the 
stand-pipe well below the hopper orifice.
The above observations are believed to reveal very significant effects of solid particle 
properties on:
i) the magnitude of the negative interstitial pore pressure above the hopper orifice,
ii) the position of the plane of transition from packed-bed to settling suspension flow 
and
iii) the rate of recovery of the negative interstitial pore pressure along the stand-pipe.
Quite clearly, the differences in particle terminal velocity have a profound effect on all 
the above which suggests that the variations in the size, shape and the solid density of 
particles (relative to the liquid) will play a large role in the observed flow regime 
transitions.
1 0 2
In general, faster settling particles require faster mixture discharge rates if significant 
settling of particles within the stand-pipe is to be avoided. However, “solids-rich” 
discharge is only possible when the mixture discharge rate is slow enough to allow 
some particle settling. In this context, the length of the stand-pipe also plays an 
important role as with slow-settling particles, larger stand-pipes may be required to 
affect greater solids concentration in the discharge. Similarly, if the particle settling 
rate is very high compared to the mixture discharge rate as in the flow of soaked peas 
(Fig. 6.5), the on-set of choking is also believed to be closely related to the length of 
the stand-pipe. Further experiments with different lengths of stand-pipes are required 
to examine these effects more fully; see for example Knowlton et al. [1986] and Yuasa 
and Kuno [1972].
Clearly, the interstitial voidage in the hopper section is not constant; its value is 
dependent on the solid particle properties as well as on the mixture discharge rate. This 
is in strong contrast to the assumptions adopted by previous workers, refer to section
2.9 for a review. Mills Lamptey et al. [1991] were able to calculate the interstitial pore 
pressure profiles using the assumptions of radial flow and constant voidage within a 
packed-bed extending to the hopper orifice. The results presented in this work show 
quite clearly that such a general theoretical approach with simplifying assumptions is 
not sufficient to explain the observed flow regime transitions. There are significant 
changes in flowing voidage in both the hopper and the stand-pipe sections as 
demonstrated by the tomographic measurements and experimental interstitial pressure 
profiles. Hence in order to close the solid and liquid momentum equations, explicit 
functional relationships are required between the distributions of voidage and slip 
velocities. This is even made more complex by the observed profound effects of the 
particle properties on the flow fields occurring within the same vessel geometry. In the 
next chapter, a first order model is attempted which relates the observed flow regime 
transitions to the solid particle properties.
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CHAPTER 7
APPLICATION OF DRIFT FLUX MODEL FOR GRANULAR 
SOLID-LIQUID MIXTURE DISCHARGE
7.1 INTRODUCTION
The analysis used in this model is based on the variation with height of the plane mean 
values o f the interstitial voidage and slip velocities. In practice, there are significant 
velocity and voidage gradients across the conical hopper resulting from the hopper 
geometry and the acceleration of the mixture flow towards the orifice. A more 
rigorous mathematical analysis would require the coupling of the cross-sectional 
profiles of slip velocity and voidage. The current study has provided the means of 
obtaining cross-sectional profiles of voidage, see chapter 5; however direct 
determination of the particle and liquid velocity fields is also required for a more 
rigorous analysis which can not be provided by the present tomographic technique. 
However, it is possible to describe the observed transitions from packed-bed to 
suspension regimes by the use of the drift flux model (due to Wallis [1969]) which is 
based on the concept of calculating the cross - sectional mean values of the liquid and 
solid phase velocities and the slip velocity between them in steady state flow.
7.2 APPLICATION OF DRIFT FLUX MODEL
The Drift Flux Model, first proposed by Wallis [1969], is essentially a separated two- 
phase flow model where the attention is focused on the relative motion between the 
phases rather than the motion of individual phases. A one-dimensional theory of
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vertical two-component flow can be developed by assuming that the relative velocity 
o f the components depends only on the local concentration and on properties such as 
particle size, viscosity, density etc. The usual method of presentation is to define a “slip 
(relative) velocity” which is the difference between the average velocities of the 
components and represents an average particle velocity relative to the surrounding 
fluid. From the definition of the slip velocity, using eqn. (5.10): Au = uLs = uL - us. This 
relationship allows the results of a single experiment to be extended to cover the whole 
range of co-current and counter-current, downward and upward flow of the 
components by the use of the sign convention that velocities measured in the direction 
of gravity are positive.
For co-current flow:
Q s (7.1)
A <1 -  O
For counter-current flow the value of Q l and uL must be taken as negative, upwards. 
Therefore, the slip (relative) velocity o f the particle in the direction of the gravity is 
given uLs = u l  - u s which is negative for particles settling through a fluid.
Wallis [1969] gives the relative flux between the two phases, JLs, in terms of the local 
voidage and the slip (relative) velocity as:
J ls =  e  ( 1 - e )  ( u L - u s) =  £ ( 1 - s ) u Ls (7.2)
Here, this approach is particularly appropriate when relating mean slip velocity profiles 
to the mean voidage profiles along the height of the conical hopper and the stand-pipe 
sections. A brief summary of the Wallis model and the derivation of eqn. (7.2) is 
presented in Appendix C.
Before investigating the relationship between the interstitial voidage and the drift flux 
between the phases in terms of the Wallis model described above, it is appropriate to
L s = u -  u  c = A 8
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construct the flow regime transition curves using the Richardson and Zaki correlation 
for the hindered settling and the minimum fluidisation conditions respectively.
7.3 C O N STR U C T IO N  O F T H E  FL O W  R E G IM E  TR A N SITIO N  CURVES
7.3.1 CONSTRUCTION OF THE RICHARDSON AND ZAKI CORRELATION 
CURVE
According to Richardson and Zaki [1954], the settling speed uc of equal sized particles 
in a concentrated suspension is related to the single particle terminal velocity by:
u c = u t £n (7.3a)
where the exponent, n, is a function of the particle Reynolds number, refer to chapter 3
and Appendix A for details. The slip velocity, Uls. is then related to the particle
terminal velocity according to:
u l s  = u, e0"1’ (7.3b)
Multiplying eqn (7.3b) throughout by 8(1-£) results in:
u LS e (l-e ) = £(l-£)u t (7.4)
which is equal to the drift flux given in eqn. (7.2) above. Hence a dimensionless drift 
flux can be defined between the liquid and particles by the use of eqns. (7.2) and (7.4):
J LS/ u t = (l-£)£n (7.5)
In both the contexts of hindered settling and of incipient fluidisation respectively, 
Richardson and Zaki equation (eqn. 7.3a) is seen to apply. For the case of the incipient 
fluidisation of a packed-bed, Richardson and Zaki equation gives rise to the slip 
velocity between the two phases which is defined by ut e"'1. In this case uLs is positive
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because uL > us, as the bed is allowed to expand due to the percolation of the liquid. 
Hence the drift flux Jls has a positive value over the range of voidages considered. 
This is shown by the solid line in Fig. 7.1(a). On the other hand, for hindered settling of 
particles through the liquid, there exists negative slip (according to eqn. (5.10)) 
because particles are moving faster than the liquid. This will result in a transition 
envelope shown by the dashed line in Fig. 7.1(b), which corresponds to the negative 
values of the drift flux in eqn. (7.5).
It is also important to note here, the shape o f the flow regime transition envelope as 
predicted by eqn. (7.5) will also be a strong function of the Richardson and Zaki index 
n. The variation of n with particle Reynolds numbers is discussed in Appendix A. The 
envelope shown in Figs. 7.2(a) to (f) are ploted using n = 3.4 and n = 2.3 for Material 
A and F  respectively.
7.3.2 CONSTRUCTION OF THE CO-CURRENT FLOW  OPERATING LINE
In order to predict the interstitial voidage changes that accompany the packed-bed to 
suspension flow transitions, an equation is required that describes the operating line for 
a co-current contactor; see Wallis [1969] for details of the other flow configurations.
All quantities are measured as positive in the direction of gravity, this being the 
direction of flow of the dispersed phase. Assuming that the particles are of uniform 
size and are uniformly distributed over any cross section of the column, the liquid and 
solid velocities relative to the column are:
Q l (7.6)
As
and
(7.7)
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where QL and Qs are the volumetric flow rates o f liquids and solids.
In general: Q = volumetric flow rate = W /p (m V 1) 
where W  = mass flow rate (kgs'1)
and £ = voidage
According to the W allis’ Drift Flux Model, when solids settle in a fluid, an overall mass 
balance of the two phases reveal that the downwards volumetric flux of the particles is 
uc (1 - £) must be equal to the liquid flux upwards.
Consequently, the average upward speed of the liquid as it is displaced is equal to uc 
(1- £)/ £ because the volume fraction o f the liquid is £. At a given position within the 
flow bed the velocity of the particles relative to the liquid is therefore given by:
u LS = „ c + (7.8)
e e
substituting for uc from eqn. (7.3a)
U t E
ls = “ r
=  U .  £ (7.9)
This result expresses the interaction between the particles and the liquid. Combining 
eqns. (7.1) and (7.3b):
u Q l  Q s  u r n - i  (7.10)
“ LS “ T T _  a ( i - T ) “  u ‘ e
Following Wallis [1969], eqn. (7.10) is multiplied throughout by £(1- £) giving:
j LS = u t S E 0 - O - u 10 - E > - = ^ i > - 5 i £  (7.11)
W here J = volumetric flux (m s'1) = volumetric flow rate per unit area = Q/A 
which is identical to eqn. (7.2).
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In terms of relative velocity, Jls = Uls 8 ( 1 - £ )
and in terms of component fluxes, Jls =  (  1 -  £  ) Jl - £ Js-
The quantity JLs is called the characteristics velocity or drift flux and has an important 
physical significance which can be seen by making the following manipulations:
j  Q l O - O  Q s e _ Q l Q l £ Q s £ (7.12a)
LS A A A A A
Q l ( Q l + Q s V  Ql  Qe 
A V A J A A
W here (QL / A) is the velocity of the liquid and (Q/A) is the average velocity of the 
solid-liquid mixture, which is the same as the net volumetric flux. Thus, the drift flux 
Jls is equal to the volumetric flux of the liquid relative to a plane moving at the 
volumetric average velocity.
Eqn. (7.12a) can be written as:
w
J ls = . m IX [a (1 -  e ) -  e (1 -  a ) ]
A P m ix
w  m ix ( a  Q -  E ) -  e (1 -  a  ) ) (7.12b)
A (p P s 0  ~ e ) )
which is the equation of operating line for the co-current flow.
In terms of dimensionless drift flux JLs / Ut, equation of the operating line becomes:
LS [a  (1 -  £ )  - £ (1 - a  ) ] (7.13)
where a  = fn ( umix / ut )0
which has a simple linear form. However, the fractional liquid discharge, a , is related 
to the mixture velocity only at the orifice plane as given by the empirical relationship 
(eqn. (4.10a)) in section 4.5. Hence for any given mixture discharge rate, there is a
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single value of the liquid volume fraction, a , in the discharge. However, both umix and e 
vary along the height of the hopper and the stand-pipe. It is now possible to plot the 
operating line showing the variation of the drift flux as a function o f voidage for 
different values of the mixture discharge rate, WmiX, and the corresponding values o f a .
The sign of the drift flux, JLs, in eqn. (7.5) depends on the sign convention adopted in 
relation to the direction of gravity and whether co-current or counter-current motion 
between the phases are considered. Taking the gravity direction positive in co-current 
downward flow, the drift flux JLs will be positive when uL > us (i.e. liquid percolating) 
and negative when us > uL (i.e. particles settling). It is then possible to superimpose the 
operating line for the co-current contactor on the flow regime transition diagram (Fig. 
7.1(a)) as seen on Fig. 7.1(b). As seen in Fig. 7.1(b) above the upper flow regime 
transition boundary a packed-bed flow regime exists; within the envelope the particles 
are accelerating relative to the liquid in the suspension mode until the lower boundary 
is reached, which marks the free-fall velocity of the solids. On the horizontal axis, J ls  is 
zero, which represents a non-settling suspension; below the horizontal axis, a settling 
suspension is maintained.
7.4 EXPERIMENTAL OPERATING LINES
Using the empirical relationship between (UmiX/ut) and a  as given by eqn. (4.10a), it is 
possible to plot JLs/u t for different values of a  using eqn. (7.13). In Figs. 7.2(a) to 
7.2(f), the values of the drift flux calculated at different elevations above and below the 
hopper orifice are presented for different mixture discharge rates; giving “solids-rich” 
discharge (i.e. a  < 0.5) and “liquid-rich” discharge (i.e. a  > 0.5) for Materials A  and F. 
In all these calculations, tomographic measured values of the mean plane voidage at 
different heights have been used.
The experimental data points seen in Figs. 7.2(a) to (f) have been denoted by a number 
indicating distance in mm to the hopper orifice preceeded with a letter indicating 
whether the location is in the hopper above the orifice or in the stand-pipe below the 
orifice. An operating line is fitted through the data points by linear regression which is
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shown by the straight solid line. It is interesting to note here that the experimental drift 
flux values mostly fall within the packed-bed and incipiently fluidised flow regimes 
when the discharge is “liquid-rich” discharge (i.e. a  > 0.5), see Figs. 7.2(a) and 7.2(b). 
In contrast, in Figs. 7.2(d) and 7.2(f), the experimental data fall within the suspension 
flow regime in the neighbourhood of the hopper orifice which clearly is responsible for 
the “solids - rich” discharge (i.e. a  < 0.5).
Figs. 7.2(a) to 7.2(f) also compare the operating lines obtained with Materials A and F 
at different mixture discharge rates. In comparing Figs. 7.2(a) to 7.2(1), it is apparent 
that the gradient of the operating line is a function of the specific value of the 
discharged liquid volume fraction, a . In general, the value of the gradient of the 
operating line for Material A is large in comparison with Material F, this is because 
Material F has a larger terminal velocity and therefore gives rise to small voidage 
changes in bulk flow.
If the discharge is “liquid-rich” (i.e. a  > 0.5), the gradient of the operating line is rather 
steep compared to the “solid-rich” (i.e. a  < 0.5) case. Accordingly, the flow regime 
transitions are coupled with rather small changes in interstitial voidage when the 
discharge is “liquid-rich” and much larger voidage changes occur when particles are 
allowed to settle giving rise to “solids-rich” discharge. This is observed by comparing 
Figs. 7.2(a) and (b) with 7.2(d) and (f) respectively.
Finally, it is also worth noting here that (i) the value of voidage in the stand-pipe below 
the orifice appears to be somewhat lower than in the hopper in all cases except in Fig. 
7.2(f) and (ii) the highest values of the drift flux calculated correspond to the orifice 
plane which also happen to lie close to the terminal settling boundary as predicted by 
the Richardson and Zaki equation, (eqn. (7.3b)).
7.5 CO M PA R ISO N  OF TH E  E X PE R IM E N T A L  R ESU LTS
The interstitial voidage values obtained from the drift flux analysis described above 
were found to compare well with the height profiles of the plane mean voidage
i l l
determined from the tomographic scans; see Fig 5.13. This allows for an independent 
confirmation of the visual determinations o f the regions o f packed-bed to suspension 
transitions with different materials and for different mixture discharge rates.
7.5.1 COMPARISON OF OPERATING LINES W ITH DIFFERENT SOLIDS
Figs. 7.2(a) to 7.2(1) compare the operating lines plotted on a Richardson and Zaki 
envelope for different food analogues, A and F at different mixture discharge rates. 
Two features are readily observed here that are in total agreement with the 
tomographic observations of the flow regime transitions:
i) The intersection of the operating line with the x-axis represents the case of zero-slip 
velocity; i.e. non-settling suspension where a  = e. The values of the bed voidage 
obtained corresponding to the zero-slip condition compare well with the profiles of the 
mean slip velocity and interstitial voidage. Furthermore, the values of voidage 
corresponding to the incipient fluidisation condition also compare consistently with the 
independently measured values presented in Table V.
ii) Similarly, the maximum values of voidage determined by the intersection of the 
operating lines with the terminal settling boundary all fall below the theoretical limit of 
0.8 proposed by Richardson and Zaki [1954].
Thus, these results help to illustrate rather graphically the relationship between the 
flow regime transitions and the fractional liquid discharge at different mixture 
discharge rates. The extend of agreement between the results of the drift flux analysis 
and the other independent measurements o f the flowing voidage, fluidisation voidage 
and particle terminal velocities is very encouraging; implying that even a very simplistic 
mean field analysis is able to capture almost all the important features of the observed 
flow phenomena.
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7.6 CONCLUSIONS
Hopper geometry and the acceleration of the mixture flow towards the hopper orifice 
have both significant effects on the interstitial pore pressure and voidage gradients 
across the conical hopper. It requires a rigorous mathematical analysis to couple the 
slip velocity and the voidage distributions. Previous theoretical work, Mills Lamptey 
and Thorpe [1991] has used the assumptions of radial flow and constant interstitial 
voidage to arrive at the momentum balances during packed-bed flow in the hoppers. In 
stand-pipe discharge, direct measurements of the solid and liquid velocity fields is 
necessary in determining the position of the packed-bed to suspension transition as 
well as predicting the solid-liquid discharge rate. However, these velocity fields can not 
be provided by the present tomographic technique. The analysis used here is based on 
the variation of the plane mean values of interstitial flowing voidage and slip velocities 
with height using tomographic technique. To describe the transition from packed-bed 
to suspension regimes, the Drift Flux Model is used which is based on the mean values 
of the liquid and solid phase velocities and the slip velocity between them. The model 
used is for the co-current downward flow of solids and liquid which show the exact 
mathematical nature of the relationship between the solids terminal velocity, mixture 
discharge rate and the corresponding liquid fraction in the discharge with interstitial 
flowing voidage.
The agreement between the results of the drift flux analysis and the independent 
measurements of the flowing voidage is very encouraging. The drift flux analysis not 
only confirms the results from the tomographic measurements, it can also be used to 
determine the change in interstitial voidage accompanying flow for a specified value of 
the liquid volume fraction in the mixture discharge which is the key process parameter 
in the canning operation.
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CHAPTER 8
CONCLUSIONS AND RECOMMENDATIONS
8.1 OUTLINE OF RESULTS AND CONCLUSIONS
In discharging coarse granular solid-liquid mixtures, both the solids discharge rates and 
the dynamic pore pressures due to the interstitial fluid are affected significantly by the 
terminal settling velocity of the solid particles. As the terminal velocity of the solids 
increases, it becomes necessary to discharge the granular solid - liquid mixtures at 
increasingly greater rates to avoid significant settling of solids during the residence 
time of the mixture within the hopper and vertical stand-pipe system. Furthermore, the 
effects of single particle properties such as particle surface roughness and the single 
particle contact friction angles are believed to have an influence on the flow behaviour 
within the packed-bed regime where there exist enduring contacts between the 
particles through which significant solid stresses may be transmitted. However, in the 
suspension flow regime, the solid stresses tend to zero as particle contacts are broken, 
hence the solid frictional properties of the materials are believed to play a much less 
significant role in the flow behaviour. The elastic and frictional properties are also 
believed to influence the distribution of slip velocities within a flowing packed-bed 
where enduring contacts exist between particles and with the container walls.
In a large number of cases, the on-set o f the packed-bed to settling suspension 
transition is observed above the plane o f the hopper orifice. As a result, the discharge 
behaviour of the mixtures is affected significantly only by those single particle 
properties which directly enter into the calculations of the fluid drag force. Hence, the
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particle size, shape and the relative density were found to be the most important 
properties of the particles which affect the discharge rates and the variation of the 
liquid content of the mixture discharge.
The experimental results provide strong evidence that the packed-bed suspension 
transitions exist and are indicated in the observed increase in discharged solid fractions 
at low mixture flow rates. Furthermore, the comparison of experimental flowing 
voidage profiles with the values of the incipient fluidisation voidage enables an 
unambiguous empirical determination of the “transition plane” which is shown to move 
up the hopper as the mixture flow rates are reduced.
The transition region within the conical hopper section of materials with higher density 
is closer to the hopper orifice than the materials with lower density. This is because 
terminal velocity increases with increasing particle density. The shape of particles do 
effect the position o f the transition; the transition region with cylindrical particles, for 
example, was found to move below the hopper orifice plane and into the stand-pipe.
This is in contrast to pneumatic conveying of fine particles in similar hopper and stand­
pipe geometry, where the flow regime transitions were always observed to take place 
at the vicinity of the hopper orifice; see Chen et al. [1984].
The variation of the liquid content of the discharge as a function of the mixture 
discharge rate shows that the mixture discharge will always be “liquid-rich” as long as 
a packed-bed flow regime can be maintained and significant settling of solid particles is 
avoided during transport within the hopper and stand-pipe system. In contrast, a higher 
fraction o f solids in the discharge (i.e. “solids-rich” discharge) is possible by allowing 
some settling during transport by reducing the mixture discharge velocity. When flow 
regime transitions occur within the hopper and stand-pipe system, significant variations 
of the flowing voidage with height result; the effect is more strongly manifest at very 
low mixture discharge rates and at low particle terminal velocities. Consideration of 
the region where the solids settle through the liquid explains the relatively high solids 
concentration in the discharged mixture at relatively low discharge rates.
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The first ever direct measurement of dynamic voidage profile of a granular solid-liquid 
mixture discharging from a hopper through a vertical stand-pipe is reported. These 
measurements revealed a zone of high voidage above and below the plane of the 
hopper orifice, which suggests a rather gradual transition from packed-bed to settling 
suspension in the hopper and vice versa in the stand-pipe. From the experimental 
measurements of voidage and discharge rates, slip velocities were calculated 
throughout the region of interest. These slip velocities are positive above the plane of 
transition (corresponding to a packed-bed) and negative below the plane of transition 
(corresponding to a settling suspension). This is in contrast to the earlier work by Chen 
et al. [1984] which propose a discontinuity close to the plane of the hopper orifice 
across which the voidage is allowed to jump from packed-bed to the settling 
suspension. Furthermore, they assumed the voidage within the packed-bed and 
suspension phases to be uniform, which allows for simple solutions of the solids and 
gas momentum equations.
The profiles o f the interstitial pore pressure measured along the hopper and stand-pipe 
walls with different materials were used to verify independently the flowing voidage 
data generated by gamma-ray tomography. Furthermore, these results helped to 
provide the basis for comparison with the predictions based on the use of the Ergun 
equation for packed-bed flow and the predictions based on the assumption of an 
incipiently settling suspension.
A model is proposed to describe the packed-bed to suspension transitions taking place 
within the mixture flow fields based on the concept of a drift flux between the liquid 
and solid phases first formulated by Wallis [1969]. The values of the normalised drift 
flux, (JLS / ut), versus voidage are calculated for different values of the normalised 
mixture velocity, (umiX / ut). By the use of a graphical construction, the values of 
interstitial voidage corresponding to the on-set o f fluidisation of the packed-bed in the 
hopper, (JLs > 0), the voidage values relating to the non-settling, (JLS = 0), and the 
settling suspension, (JLs < 0), conditions are determined as the granular solid-liquid 
mixtures flow through the orifice and down the stand-pipe. The well-known
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Richardson and Zaki [1954], correlation is also used to describe the incipient 
fluidisation and terminal settling limits of the solid particles. These results relate the 
mixture discharge rate and the terminal velocity of the particles to the interstitial 
flowing voidage in the hopper and stand-pipe system characteristic of the “solids-rich” 
and the “liquid-rich” discharge cases respectively. Accordingly, it is now possible to 
use this model to predict the large voidage changes that accompany flow at low 
mixture discharge rates (i.e. “solids-rich” discharge) and small voidage changes at high 
mixture discharge rates (i.e. “liquid-rich” discharge) in a discharge process.
It is also worth mentioning here that the hopper geometry will also have a bearing on 
both the magnitude of the voidage changes and the slip velocities within the flowing 
mixtures, see Mills :Lamptey and Thorpe [1991]. Reducing the hopper half-angle, for 
example, will reduce the extent of the liquid flow acceleration towards the hopper 
orifice and thus allowing for greater degree of relative settling of the particles. This 
will in turn result in “solids-rich” discharge case to extend to even higher values of the 
mixture discharge rate. Similar arguments can also be advanced about the effects of the 
hopper orifice size. The effects of hopper geometry have not therefore been fully 
investigated in this study.
8.2 RECOMMENDATIONS
The present study has concentrated on the fully developed flow fields within the 
hopper and stand-pipe sections which are reflected by the steady and constant values 
o f the mixture discharge rates. The mixture discharge rate data obtained during the 
initial and final transient phases of the discharge are not evaluated. Future research into 
the transient aspects of the flow fields are recommended, as this result has significant 
implications in industrial application; for example, it will be quite difficult to achieve 
constant filling rates of solids and liquid in batch-wise filling of containers using “start- 
stop” discharge unless quite high mixture discharge rates are used achieving rather 
rapid initial transients.
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It is quite difficult to measure solid fractions in a nearly buoyant granular solid-liquid 
mixtures using single photon transmission tomography, which is essentially a 
densiometric technique. Recently it has become possible to use a novel technique 
known as dual photon tomography (Nikitidis et al. [1996]) which makes use of the 
relative difference in constituent atomic numbers of mixtures comprising materials of 
almost identical density to determine individual phase fractions thus eliminating some 
of the difficulties encountered in the present study such as the rather slow scan times (1 
- 2 minutes) which have placed significant restrictions on the magnitude of discharge 
rates that could be investigated
The effects of wall friction in evaluating the pressure losses and also in the calculation 
of the mean slip velocities at different heights within the flow rig have been ignored 
and the work presented here is believed to be applicable to flows with smooth walls. 
The effects of roughening the walls on the observed flow regime transitions and the 
mixture discharge rates is worthy of future study.
The predictions of packed-bed pore pressures has been considered by using constant 
(i.e. height independent) values of interstitial voidage. To account for the changes in 
the gradient of the pore pressure profile, further work is necessary to incorporate an 
explicit height profile of voidage within the hopper into the Ergun analysis.
To avoid significant settling of particles of high terminal velocity (for example peas), it 
is necessary to discharge mixtures at rates much higher than 0.5 kgs'1. However, this 
could not be achieved with the existing facility as significant choking of the stand-pipe 
prevented steady discharge rate measurements. Further work using real foods would 
undoubtedly require a system which can discharge at much higher rates if “liquid-rich” 
discharge condition is to be attained.
The analysis used in the current work is based on the variation with height of the plane 
mean values of the interstitial voidage and slip velocities. In practice, there are 
significant velocity and voidage gradient across the conical hopper resulting from the
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hopper geometry and the acceleration of the mixture flow towards the hopper orifice. 
A more rigorous mathematical analysis would require the coupling of the cross- 
sectional profiles of slip velocity and voidage. The current study has provided the 
means of obtaining cross-sectional profiles of voidage, however direct determination of 
the particle and liquid velocity fields is also required for analysis which can not be 
provided by the present tomographic technique. Further more rigorous numerical 
modelling of the mixture flows will require the incorporation of in situ voidage 
functions into the solids and liquid momentum equations. However, this can only be 
achieved effectively if accurate determinations of the velocity fields could also be made 
experimentally. It is therefore recommended that future work is concentrated on the 
simultaneous and independent measurements of the particle velocity fields alongside 
the cross-sectional voidage profiles obtained from gamma-ray tomography. This will 
certainly require the use of a particle-tracking technique measuring trajectories of 
tracer particles within the bulk flow fields; see for example Seville et al. [1995].
The range of the material properties and the hopper design parameters investigated in 
the present study has remained somewhat limited largely due to the time involved in 
modifying and operating the tomographic scanner to work reliably with solid-liquid 
systems of very small density difference. Further parametric studies using similar 
facilities will undoubtedly provide a much more extensive understanding of the effects 
of material properties as well as of the hopper geometry on the mixture flow and 
discharge phenomena.
Further work is planned using the gamma-ray densiometer currently installed at Silsoe 
which will enable more precise profiling of voidage (or solids concentration) 
throughout the shear zone of the cell. It is expected that these measurements will be 
valuable in demonstrating to what extent the maldistribution of materials is a wall 
effect; (confined to a narrow boundary region). Coupling of the voidage profiles 
measured during the annular shear cell tests with the measured relationships of normal 
stress, shear stress and shear strain rates should in time allow the development of 
constitutive relationships between voidage - stress and strain - rates. Coupling of the 
liquid phase and the solids momentum equation require explicit relationships between
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normal stresses and bulk voidage as well as a description of frictional losses in inter­
particle and particle - wall contacts. Correlation of the Silsoe results with the 
experimental data presented here on the flowing bed voidage, liquid volume fraction in 
the discharge and the dynamic interstitial fluid pressure profiles should in time advance 
the simple Drift Flux Model presented in this study to more precise analytical 
descriptions of the stress and velocity fields of the coarse granular solid - liquid 
mixtures.
1 2 0
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APPENDIX A
CALCULATION OF PARTICLE TERM INAL (FREE-FALL) VELOCITY 
The pressure drop over the fluidised bed from eqn. (2.22) is given by: 
APB = ( p s - p f ) ( l - e ) H g  (Al )
If the bed expands, the product (1-£)H will remain constant. Where H is height of the 
bed.
At incipient fluidisation, eqn. (A l) becomes:
APB = (ps - p f ) ( l - e mr)H 11,f g (A2)
Using the Carman-Kozeny equation, (Blake [1922] and Carman [1937]), the pressure 
drop-velocity relation at the incipient fluidisation point is:
■mf APb (A3)
5 ( l - e m r )  S n H n,f
Combining eqns. (A2) and (A3):
„ = £mf3 ( P s - P f ) g  (A4)
mr ” S(l “  £mf) S*H
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where for uniform spherical particles, the packing area per unit bed volume, S = 6/dp.
At higher Reynolds numbers where inertial effects become significant, Ergun [1952] 
equation must be used for the pressure drop through the packed-bed:
A P r _ J 5  Q ~ £ tn f )  P u m f 4 - J 7 5 ~ £ m f )  P f Umf (A5)
^  raf ^ m f dp ^ m f dp
Substituting for APB / Hmf from eqn. (A2) and multiplying both sides by 
pfdp3 / ji2(l - smf) results in:
H2 £ml' P
Pf(Ps ~  Pf)gdp3 150 (1 -  e m f ) u mf d pPf  t 1 .75 f  umfdppf 'j (A6)
’  I P
Defining two dimensionless groups:
% f p f d p  „   ^ p f  ( P s  -  p f  ) g d p 3 ^-— = R e mf and ----------------------------s—=■----- -— = G a
where Remf is the particle Reynolds number at minimum fluidisation and Ga is the 
Galileo number.
Rewriting the Ergun equation in terms of Remf and Ga yields:
G  a =  1 5  0-1------ — R e m f +  1 . 7 5  R e 2 (A7)
e  m f  e mr
A number of workers, including Pinchbeck and Popper [1956], Wen and Yu [1966], 
Godard and Richardson [1969a] and Bourgeois and Greneir [1968] have generalised 
and obtained the minimum fluidising velocity in terms of the free-falling velocity of the
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particles. The most satisfactory generalised relation for flow through packed beds is 
the Ergun [1952] equation, eqn. (A5).
The free-fall (terminal) velocity of a particle can also be expressed in terms of the 
Galileo number corresponding to the terminal Reynolds number:
R e t = (A8)
No single expression satisfactorily covers the whole range of Reynolds numbers. For 
spherical particles Stokes’ law [1851] is used for low Reynolds numbers, the Schiller 
and Naumann equation [1933] for intermediate values, and Newton’s law for high 
values:
Ga=18 Ret (G a < 3 .6 ) (A9a)
Ga=18 Re, +2.7 Re,1 687 ( 3 . 6 < G a < =  10s) (A9b)
Ga=(Re,2)/3 ( G a > =  105) (A9c)
Ratio of the free-fall (terminal) velocity to the minimum fluidising velocity is calculated 
using eqn. (A7) in conjunction with eqns. (A9a), (A9b) or (A9c):
u t R e t (A10)
provided that the voidage at the incipient fluidising point ( emf) is known, see Fig. 
3.15.
130
RICHARDSON AND ZAKI CORRELATION
Ignoring wall frictional effects, the relationship between voidage and particle settling 
velocity has been given by Richardson and Zaki [1954]:
^ -  =  e n (A lla )
u,
where ut is approximately equal to the free-fall (terminal) velocity of the particles. 
Rearranging eqn. (Al la):
,  Ulo g
e n = u c or n _  u t (A llb )
u , lo  g e
At the incipient fluidisation point; therefore:
, R  e  t- l o g  -----------  —
n _  ________ R e m f ( A l i e )
10 g £ m f
Thus, n can be expressed in terms of the Galileo number, Ga and emf.
RICHARDSON AND ZAKI CORRELATION INDEX, n
The index n is a function of the ratio dp/D and of the Reynolds number which is a 
function of the free-fall velocity of the particles and the particle size. By dimensional 
analysis, it can be shown (Richardson and Zaki [1954]) that n would be expected to be 
a function of dp/D and Ret, but that at very low and very high values of Ret, it would
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become independent of Re,. The following relations for uniform spherical particles 
were obtained experimentally by Richardson and Zaki [1954]:
n = (4.65 + 20dj/D) 
n = (4.4 +18d,/D)Re,"03 
n = (4.4 + 18dp/D)Re,'' 
n = (4.4 Re,-') 
n = 2.4
(Ret< 0.2)
(0.2 < R e t < l )  
(1< Re, < 200) 
(200 < Ret < 500) 
(Re, > 500)
(A 12a) 
(A 12b) 
(A 12c) 
(A12d) 
(A12e)
where dp is the equivalent diameter of the particles and D is the diameter of the 
container.
CALCULATION OF MINIMUM FLUIDISATION VOIDAGE
The values of s mf are obtained from the packed-bed pressure drop equation, (A5), the 
Richardson and Zaki equation, (Al l ) ,  and from the direct experimental measurements 
of bed height and superficial velocity at incipient fluidisation:
i) Mass balance calculation based on experimental bed height measurements yield:
where Vb = A Hmf
and Ms is the mass of the solids in the container and Vb is the bulk volume. 
Alternatively;
ii) Calculating the packed-bed pressure drop at incipient fluidisation using eqn. (A2): 
a P b  =  ( P s - P f ) ( 1 - e mr ) H mf 8
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where APB and Hmf are measured empirically.
Or,
iii) Using the Richardson and Zaki [1954] equation (A l 1): 
where the particle terminal velocity is given by:
d p (P s -  P r )  8 u t = —  ------------------------
1 1 8 p.
At the incipient fluidisation point; eqn. (A l 1) gives:
(emf)n = ^
u t
(A 14)
(A 15)
The terminal velocity, Reynolds number, Richardson and Zaki index, n, and £mf are 
calculated for Materials A, E, F and soaked peas and the results are shown in Table V.
APPENDIX B
SINGLE PARTICLE SHEAR CELL
The sample particles were fixed by micro-screws into blocks which prevent rotation during 
sliding against another particle or a substrate representing a wall surface. The bi-axial stage 
was moved by two Vernier micrometer positioners, while a coarser micrometer rack was 
used for height adjustment of one sample relative to the other. The contacting surfaces 
were aligned under the microscope prior to each run. The load on the particles was 
measured by the particle resistance acting on the stage, using piezoelectric transducers 
mounted in parallel to the Vernier micrometers. The piezos were set to zero extension to 
give the most sensitive load reading. The output voltage applied to the piezos to maintain 
zero displacement was logged by a voltmeter with a high impedance ratio connected in 
parallel with the analog piezo driver voltage. The change in the output voltage could be 
detected to an accuracy of about ± 1 0  mV as a function of the loads applied on the 
engaging surface of the piezo transducer. A data logger was used to store the output 
voltage reading continuously during each run.
The accuracy of the single particle shear cell is ± 0.1 N. Calibration of the single particle 
shear cell was essential; to do this, the stage was allowed to push against the two engaging 
surfaces which would otherwise house the specimen holders. The piezo output voltage 
response versus stage displacement was recorded and the resulting calibration data were 
used in our determination of normal and tangential compliance.
The resulting data were then used to establish the elastic or inelastic behaviour of the 
contacts by comparison with Hertz theory [ 1892].
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Normal force versus Normal displacements
With the two particles positioned inside the sample holders and the contact centres lined 
up, the stage was moved in steps of 1 - 3 pm at a time so as to push gradually one particle 
against the other with the normal load-detecting piezo transducer engaged. The voltage 
measurement was subsequently corrected for the contribution due to stage compression 
and the resulting data were converted into a force reading using the appropriate calibration 
coefficient for the piezo. The calibration coefficient measured for normal force measuring 
piezo was 2.4 x  1 O'3 N mV'1.
Hertz Theory describes the behaviour of a single elastic contact between two smooth 
spheres under the action of compressive load, W. The normal displacement, 8n of the 
contact region under the action of a given load, W  is given by:
where v  is the Poisson ratio, a is the contact radius and G is the shear modulus which is 
related to Young’s modulus E for the material:
5 n = C nW (B l)
The normal compliance, Q  of an elastic sphere is given by:
Cn = ( l - v ) / ( 2 a G ) (B2)
G = E /  2(1 - v) (B3)
and the contact radius a is given by:
a = (3 W R / 4  E*)1/3 (B4)
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Where 1/R = (1/Ri) + (I/R 2) , Ri and R 2 are the radius of the spheres in contact, and
1 _ 0  -  v i  )  , 0  ~ v 2 )2 (B5)
E * E ,  E ,
Using eqns. (B1 to B4), and after some further manipulation:
(B6)3W n2/3
4E Vr
rearranging eqn. (B6):
W = -E*-y/R5n/2 (B7)
3
This would therefore suggest that for a perfectly elastic contact, plot of W versus 8n3/2 
should result in a straight line of slope, m; where:
m = —E^ VR"  = constant (B8)
3
By using computerised compression/tension tester, Instron 4500, the particles were 
compressed normally and the normal load versus normal displacement curves were 
produced for each material. Figs. 3.4 a to d show for Materials A, C, F and soaked peas. 
The normal compliance of these materials were found by differentiating the equation of 
each curve with respect to normal displacement and then taking its reciprocal.
Material C measurements are complicated by the variations in particle size and shape. 
Some arbitrary particle sizes and shapes have been chosen for the tests. From the curves 
presented in Fig. 3.4 it is possible to note that each shape and size react differently under a 
given normal load.
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The experimental curves for Materials D, E and F  show that for small loads there are large 
displacements compared to the other materials, A, B and C indicating that the former 
materials are softer.
Using eqn. (B5), the values of the Young’s modulus, E* can be obtained for each material. 
However, in eqn. (B5) there are two unknowns, the Young’s modulus, E* and the Poisson 
ratio, v. Hence a second equation is needed to calculate values of E* and v.
Tangential Compliance Ct
In a series of experiments, the particles were first compressed to a set normal load, and 
then the contact centres were caused to move tangentially in small discrete steps of 1 pm at 
a time and resulting tangential force was measured by the engaging piezo transducer. The 
test was continued until no change was observed in the tangential force with continuing 
tangential displacement of the particles, i.e., when the gross sliding limit was reached, see 
Fig. 3.6 which shows one example, for Material A. The measured change in output voltage 
of the piezo for a given tangential displacement was corrected for the stage friction by 
calibrating the free transverse movement of the stage. Each data point had to be measured 
with a fresh pair of particles, as the piezo movement had to be zeroed after each 
displacement measurement in order to avoid hysteresis in the voltage response circuit.
Mindlin and Deresiewicz [1953] give the tangential compliance of an elastic sphere under 
the action of monotonically increasing tangential force F as:
(B9)
Where p  is a coefficient of friction.
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Fig. 3.6 shows the graph of tangential force versus tangential displacement under a given 
normal load. The initial gradient of the curve is given by the initial tangent, F/8t = 1/Ct0. 
Here the value of tangential compliance, Ct reduces to a constant value known as the initial 
tangential compliance, Ct0 as the force F  goes to zero:
where a, is the contact radius and G, is the shear modulus.
Dividing eqn. (BIO) by eqn. (B2), i.e. the ratio of initial tangential compliance to normal 
compliance is:
which is a function of the Poisson ratio only.
The accuracy of the value of the initial tangential compliance will greatly depend on the 
frequency of the data points at near zero tangential loads. The data points at near tangential 
loads were very difficult to obtain and these data are the best data that were found 
experimentally after some considerable effort. The reasons for this are because the Piezo 
transducers are very sensitive and fluctuate considerably at small values of the normal loads 
(W < 0.1N).
Ct0 = (2 - v) /  (8 a G) (BIO)
Ct0 /  Cn = (2 - v) /  (2 - 2v) (Bl l )
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APPENDIX C
DESCRIPTION OF THE DRIFT FLUX MODEL
The drift-flux model is essentially a separated-flow model in which attention is focused 
on the relative motion rather than on the motion of the individual phases. Although the 
theory can be developed in a way which is quite general, it is particularly useful if the 
relative motion is determined by a few key parameters and independent of the flow 
rate of each phase.
Considering the steady flow of a system of particles and fluid in a vertical duct of 
uniform cross section, if velocities are low enough and the duct is large enough, wall 
friction can be neglected and overall motion relative to the container can have no 
influence on the relative motion between the particles and the fluid. For a given 
system, therefore, the relative motion is only a function of the local concentration, 
physical properties, and the gravitational field and does not depend on the net flow 
rates of the phases (Lapidus et al. [1957] and [1961]).
The two phases are distinguished by subscripts 1 and 2. The total flow is the sum of 
the indivitual phase flows.
Therefore:
w = W! + W 2 (Cl)
where W is the total mass flow rate.
Similarly, the volumetric flow rate, Q, is given by:
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Q = Qi + Q2 (C2a)
where:
Qi = W i /  pi (C2b)
Q 2 = W 2 /  p2 (C2c)
Every part of the flow field is occupied by one or the other phase. If £ represents the 
fraction of an element of volume which is occupied at any instant by phase 1, then, 
evidently, if the element is chosen small enough, 8 can be only 0 or 1. Usually £ is 
measured as an average over the whole flow cross section.
The symbol J is used to represent volumetric flux or volumetric flow rate per unit area. 
The flux is related to the local phase concentration and velocity as follows:
J i = ( 1  - £ )u, (C3a)
J 2 = £ u 2 (C3b)
and the total flux, J is:
J = Ji + J2 (C3c)
Although the most general description of two-phase flow involves a consideration of 
the three-dimensional and temporal variations, a simple analysis follows if one­
dimensional flow assumption is adopted and the solution is worked entirely in terms of 
the mean values of velocity and voidage across the vessel.
The average volumetric flux across an area A is then:
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J 2 = Q 2/ A  (C4a)
Some useful relationships for one-dimensional flow are summarised below:
J i = Qi /  A (C4b)
J  = ( Qi + Q 2 ) / A  (C4c)
Ui = J i /  ( 1  - £ )  (C4d)
u 2 = J 2 /  £ (C4e)
The relative velocity between the phases is then defined as:
u 2i = ( u 2 - ui) = -Ui2 (C5)
Accordingly, the relative flux or Drift Flux is given by:
J 2i = J 2 - £(Ji + J 2) = J 2( l  - £) - £ ji (C6a)
and hence similarly:
J i 2 = J i£  “ (1 ■ £)J2 (C6b)
Therefore, it follows that:
J 2i = "Ji2 (C6c)
This symmetry is an important and useful property of the drift flux.
Substituting for Ji and J2 in equation (C6b) by using eqns. (C4d) and (C4e), yields:
J i 2 = £(1 - £)(U ! - u2) = s ( l  - 8 ) u i 2 (C6d)
Therefore the drift flux is proportional to the relative (slip) velocity.
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Table I Variation of the magnitude of “voidage jump” with
hopper half-angle
Hopper half-angle,
0w°
Ap / Ac (l-Ep)/(l-8c)
10 0.990 1.008
30 0.933 1.072
45 0.854 1.172
60 0.750 1.333
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Table n Single Particle Properties of Food Analogues and the Model Food
Material A B C D E F Soaked
peas
Sphericity % 87.3 86.5 63.2 95.0 76.5 81.2 83.3
Std. deviation % ±3.65 ±3.75 ±10.6 ±0.791 ±0.45 ±0.751 ±0.97
Equiv. diameter 
(mm)
3.76 3.39 5.21 2.58 4.46 4.11 9.56
Std. deviation 
(mm)
±0.222 ±0.161 ±15.6 ±0.197 ±0.223 ±0.201 ±0.680
Density (kg/m3) 1050 1020 1070 1100 1030 1094 1130
Young’s Modulus 
E x  107 (Pa)
200 150 1.95 2.05 2.35 1.50
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Table H I Comparison of values of the initial specific volume, Vo and  the bulk 
compressibility coefficient, X w ith loose and  tapped bulk samples.
Material Loose Tapped
Vo X Vo X
A 1.71 -0.00473 1.54 -0.00342
C 1.96 -0.01510 1.72 -0.00679
F 1.71 -0.02880 1.56 -0.02130
Peas 1.68 -0.01980 1.60 -0.01730
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Table IV Comparison of the measured angles of repose
and bulk friction angles
Material A B C D E F Soaked
peas
Angle of Repose of 
Static Heap
35±1 + 35±2 40±3 32±2 34±1 35±1 52+2
Drained Angle of 
Repose
41±1 42±2 49±3 38±1 40±1 41±1 45±2
Wall Friction Angle* 17±2 17±2 18±3 13+2 17±1 17±2 20±2
Internal Angle of 
Friction
38±1 34±2 36±3 38±2 35±2 38±2 41±2
(*) Measured as angle of slip on an inclined clear acrylic surface. 
(+)A11 angles are given in degrees.
145
Table V Measured and Calculated Fluidisation Parameters
(+) Richardson & Zaki Index.
(*) Calculated using Richardson & Zaki correlation.
(x) Determination from experimental measurements of bed 
height at minimum fluidisation.
Voidage
All velocities are in m/s.
R&Z
Mass
Balance
M aterial Umf R^mf R et
cal
u t cal u t
exp
n (+) e j » o 00£mf
A 0.003 10.5 84 0.022 0.023 3.40 0.543 0.5± 0.02
E 0.003 12.0 94 0.021 0.021 3.47 0.554 0.51±0.02
F 0.008 33.2 278 0.063 0.077 3.11 0.480 0.47± 0.02
Peas 0.081 725 3474 0.310 0.340 2.82 0.528 0.48± 0.02
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Table VI Empirical constants a and b in equation 4.10a calculated for
different materials
Material A E F Peas
Orifice diameter 
(mm)
34 34 34 54
Empirical 
constant a
14.13 14.29 6.35 0.84
Empirical 
constant b
1.91 1.97 1.45 1.16
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Table VII Comparison of the empirical values of the maximum particle settling 
velocities with the independently determined terminal 
velocities of Materials A and F.
Material Mixture flow rate 
kg/s
Terminal velocity 
m/s
Maximum settling 
velocity m/s
A 0.01 0.022 0.03
0.45 0.022 0.033
F 0.05 0.063 0.080
0.10 0.063 0.068
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Table VIII Comparison of the zero-slip (i.e. non-settling suspension) voidage 
with minimum fluidisation voidage for Materials A and F
Material Wmix (kgs*1) 8zero-slip (* ) 8mf(+)
A 0.1 0.52±0.02 0.51 ±0.02
0.45 0.65±0.03 0.51±0.03
F 0.05 0.55±0.02 0.49±0.02
0.1 0.53±0.02 0.49±0.02
(*) These values are obtained from tomographic data shown in Fig. 5.15. 
O  As measured in fluidisation tests.
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virtual apex
0W = hopper half-angle 
0 = angular co-ordinate
= inclination of the major principal stress to radial direction
Fig. 2.1a Schematic for the “Hour-glass theory” of Davidson and Nedderman [1973].
144 mm
+72 mm
pressure
tappings
' Virtual apex
-204 mm
Fig. 2.1b Schematic diagram of the conical hopper and stand-pipe showing position of
pressure tappings. D0 = 34mm or 54mm.
air injection
i n __________
m y
¥ y V A
air injection
Fig. 2.1c Schematic diagram depicting alternative aeration techniques: i) air- 
pressurised from the top and ii) air injected locally just above the discharge orifice.
Regime 1
Suspension
Regime 2 Regime 3
Fig. 2.2 Possible flow regimes in pneumatic conveying of fine powder 
in a vertical stand-pipe, (Chen et al. [1984]).
where Ac = area of spherical cap spanning exit from feed hopper 
Ap = cross-sectional area of the stand-pipe
Fig. 2.3 Packed-bed to suspension transition near the hopper 
orifice, Chen et al. [1984].
Fig. 3.1 SEM photographs of the surface o f  a) soaked peas and b) Material A.
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Fig. 3.3 Single-particle shear cell.
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Fig. 3.4 Applied normal load versus normal displacement curve for three food 
analogues, A, C and F and one model food, soaked peas.
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Fig. 3.5 Elasticity of normal force versus displacement response of Material A.
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Fig. 3.12 Family of internal yield loci for Material A.
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Fig. 3.13 Indirect measurements o f angles o f friction of granular solids:
(a) angle of repose in a flat-bottomed bin; (b) angle of repose of a static heap; 
(c) wall angle of friction on an inclined wall.
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Fig. 3.14 Cut-away schematic represntation of the Silsoe annular shear cell
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Fig. 4.1 Photograph o f  the experimental rig.
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Fig. 4.2 Schematic diagram of the model hopper used in the solid-liquid measurements 
shown prior to discharge, for orifice diameter o f 34mm. A) Main water supply via inlet 
valve and rotameter, B) Ventilation valve, C) Stand-pipe and valve, D) Water tank, 
(holding reservoir), and E) Position of pressure tappings.
Material A
0.035
0.03 --
0.025 --
0.02  - - A H t t V l f t f l W I B l B B B I B B l I B f i l R f l
g  0.015 -- 
Cm«j 0.01 -
a
% °-005 f
300 400
Time (s)
600 800100 200 500 7000
0.12
0.08 - -
0.06 -- -
0.04 --
S  0.02
150 200 350100 250 300
Time (s)
0.5
0.4 --
too
0.3 --
0.2 - -
100
Time (s)
A A Mixture S  B  Solid 0 ----- 0  Liquid
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Fig. 5.1 Schematic diagram of the rotating scanner gantry comprising 
six parallel geometry photon beams.
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Fig. 5.2 Schematic diagram of the experimental tomography apparatus: 
(1) Parallel beam scanner; (2) vibration free table; (3) model hopper; 
(4) motorized vertical positioner; (5) model hopper support structure.
Fig. 5.3 Co-ordinate system used in the definition of attenuation coefficient, |i<x>y).
Fig. 5.4  Tom ographic image of a horizontal plane across the granular solid-liquid bed.
(a) Linear profile
folid fraction is length through particle /  length through hopper
Io
■n
T|(y) = f(I/I0)
y
(b) Radial profile
*n
Fig. 5.5 Two alternative schemes for presentation of tomographic data: (a) shows how 
the photon beam passes through the hopper section, and the calculation of solid 
fraction from the beam intensity and the presentation of the linear profile, (b) shows 
the definition of the radial solid fraction and presentation o f the radial profile. The 
radial profile is obtained by mathematical transformation of the linear results.
F(x)
Fig. 5.6 Co-ordinate system used in the definition of the 
Abel transformation co-ordinates.
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Fig. 5.7 Measured distributions of the tomographic calibration constant K using granular 
solid-liquid packed beds of solid fractions of a) 0.40 and b) 0.65.
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Fig. 5.8 Linear profiles obtained with M aterial A over two consecutive 2 minute periods 
under constant mass discharge rate condition at 34mm below.the hopper orifice.
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Fig. 5.9 Comparison of the horizontal variation of solids fraction obtained within the 
stand-pipe containing a bed of Material A after 2 minutes and 4 minutes of flow.
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Fig. 5.10 Comparison of static and dynamic (after 4.2 minutes of flow) (a) linear solid 
fraction profiles (b) radial distribution functions. Position: 34mm above the hopper orifice
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Fig. 5.1 la and 5.1 lb Variation in solids fraction of Material A at horizontal plane 70mm
above the orifice for Wmix= 0.45 kgs’1 and 0.10 kgs'1 respectively. Each point represents
the mean of three consecutive 4-minute tomographic scans during steady-state discharge
Solids Fraction Profile at 34mm Above orifice
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Solids Fraction profile at 40 mm above orifice
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Fig. 5.11c and 5.1 Id Variation in solids fraction of Material A at horizontal plane 40mm
above the orifice for Wmix= 0.45 kgs'1 and 0.10 kgs'1 respectively. Each point represents
the mean of three consecutive 4-minute tomographic scans during steady-state discharge.
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Fig. 5.1 le and 5.1 If Variation in solids fraction of Material A at horizontal plane of the
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Fig. 5.1 li and 5.1 lj Variation in solids fraction of Material A at 100mm below the plane
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the mean of three consecutive 4-minute tomographic scans during steady-state discharge.
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Figs. 5.12a and 5.12b Variation in solids fraction of Material F at horizontal plane 70mm
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Fig. 5.15 Relationship between normalised mean slip velocity vs height 
for a) Material A and b) Material F.
Interstitial liquid pressure profiles along the hopper and 
stand-pipe walls (at W m = 0.1 kgs"1)
100
— 34mm orifice, Material E
— 34mm orifice, Material A
— 54mm orifice, Soaked peas
h°PPer Orifice
" ! plane
stand-pipe
 -...........-  -50
-100
-150
-200
-250
- 0.6 -0.2
Differential pressure (mbar)
0.2
Fig. 6.1a Interstitial liquid pressure profiles with three 
different materials at the same mixture discharge rate.
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Fig. 6.1 b Interstitial liquid pressure profiles for Material A
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Fig. 6.1 c) and d) Experimental fluid pressure profiles in vertical pneumatic conveying of 
fine sand, (dp =154|im ), for c) "solids-rich and d) "fluid-rich" discharge cases.
(Chen e ta l .  [1984])
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